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Abstract 

Given a good n-tilting module T over a ring A, let B be the endomorphism ring of T, it is an open question 
whether the kernel of the left-derived functor T ®g — between the derived module categories of B and A could be 
realized as the derived module category of a ring C via a ring epimorphism B — > C for n > 2. In this paper, we first 
provide a uniform way to deal with the above question both for tilting and cotilting modules by considering a new 
class of modules called Ringel modules, and then give criterions for the kernel of T ®^ — to be equivalent to the 
derived module category of a ring C with a ring epimorphism B — 5- C. Using these characterizations, we display 
both a positive example of /i-tilting modules from noncommutative algebra, and a counterexample of /i-tilting 
modules from commutative algebra to show that, in general, the open question may have a negative answer. As 
another application of our methods, we consider the dual question for cotilting modules, and get corresponding 
criterions and counterexamples. The case of cotilting modules, however, is much more complicated than the case 
of tilting modules. 
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1 Introduction 

As is well known, tilting theory has had significant applications in many branches of mathematics (see U), and 
the key objectives in this theory are tilting modules, or more generally, tilting complexes or objects. Given a good 
tilting module T over a ring A, let B be the endomorphism ring of T, if T is classical, then a beautiful theorem of 
Happel says that the derived module category @(B) of B is triangle equivalent to the derived module category $>(A) 
of A (see IfTSl ). Thus one can use derived invariants to understand homological, geometric and numerical properties 
of A through B, or conversely, of B through A. This theorem also tells that one cannot get new derived categories 
from classical tilting modules. For infinitely generated tilting modules, Bazzoni, Mantese and Tonolo recently show 
a remarkable result: &(A) can be regarded as a full subcategory or a quotient category of &{B) (see [6 1). Moreover, 
it is proved in ifTTl that if the projective dimension of T is at most 1, then there is a homological ring epimorphism 
X : B — > C of rings such that the kernel of the total left-derived functor T (g>g — , as a full triangulated subcategory 
of 3f{B), can be realized as the derived module category &t{C) of C. Thus, for (infinitely generated) good tilting 
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modules of projective dimension at most 1, Happel's theorem now has a new appearance and can be featured as a 
recollement of derived module categories: 

9i cy^^9{B)^^9{A) 

However, for tilting modules of higher projective dimension, the existence of the above recollement is unknown (see 
the first open question in 0T|). On the one hand, the argument used in [ 1 1 1 actually does not work any more for the 
general case because the proof there involves a two-term complex which depends on the projective dimension. Thus 
some new ideas are necessary for attacking the general situation. On the other hand, neither positive examples nor 
counterexamples to this general case are known to experts. So, it is quite mysterious whether the above recollement 
still exists for a good tilting module of projective dimension at least 2. 

In the present paper, we shall consider this question in detail. In fact, our discussion is implemented in the 
framework of Ringel modules (see Definition l4.U . This provides us a way to deal with the above question uniformly 
for higher tilting and cotilting modules. We first provide characterizations of when the kernel of the functor T ®\ — 
can be realized as the derived module category of a ring C with a homological ring epimorphism B — > C, and then 
use these criterions to give positive and negative examples to the above question for tilting modules of projective 
dimension bigger than 1 . Finally, as another application of our criterions, we shall consider the above question for 
cotilting modules. 

Before stating our main results precisely, we first introduce notation and recall some definitions. 
Let A be a ring with identity, and let n be a natural number. A left A-module T is called an n-tilting A-module 
(see lfl5l ) if the following three conditions are satisfied: 
(ri) There is an exact sequence 

— > P„ — > >Pi^P ^T — ► 

of A-modules such that all f,- are projective, that is, the projective dimension of T is at most n; 

(T2) Ext^(r, TW) = for all j > 1 and nonempty sets I, where denotes the direct sum of I copies of T; 
(T3) There is an exact sequence 

— > aA To — > T\ — > ► r„— ►() 

of A-modules such that 7) is isomorphic to a direct summand of a direct sum of copies of T for all < i < n. 
An n-tilting module T is said to be good if (T3) can be replaced by 
(T3)' there is an exact sequence 

— > aA —¥ To — > T\ — > ► r„— ►() 

of A-modules such that 7; is isomorphic to a direct summand of a finite direct sum of copies of T for all < i < n. 
A good n-tilting module T is said to be classical if the modules Pi in (T\) are finitely generated (see |[T0l[T9l ). 

For any given tilting A-module T with (T\)-(T3), the module T' : = ©" = o T, is a good n-tilting module which is 
equivalent to the given one, that is, T and T' generate the same tilting class in the category of A-modules (see f6|). 

Let T be an n-tilting A-module and B the endomorphism ring of aT. In general, the total right-derived functor 
MHom^ (T, — ) does not define a triangle equivalence between the (unbounded) derived category 9(A) of A and the 
derived category 9(B) of B. However, if aT is good, then RHom^r, — ) is fully faithful and induces a triangle 
equivalence between the derived category 9(A) and the Verdier quotient of 9(B) modulo the kernel Ker(T <g)^ — ) 
of the total left-derived functor T ®^ — (see J6] Theorem 2.2]). Furthermore, the functor IRHom^r, — ) : f^(A) — > 
@{B) is an equivalence if and only if T is a classical tilting module if and only if Ker(T (gig — ) vanishes (see 161). 
From this point of view, the category Ker(r ®\ -) measures the difference between the derived categories @(A) 
and 9(B). 

Motivated by the main result in ifTTl . we introduce the following notion. A full triangulated subcategory X of 
9(B) is said to be homological if there is a homological ring epimorphism B — > C of rings such that the restriction 
functor 9(C) — > 9(B) induces a triangle equivalence from 9(C) to X. Thus, if the projective dimension of a 
good tilting module aT is at most 1, then the subcategory Ker(T ®g — ) of 9(B) is homological. Now, in terms of 
homological subcategories, our question can be restated as follows: 

Question. Is the full triangulated subcategory Kei(T ®^ — ) of 9(B) always homological for any good n-tilting 
A-module T with n>2? Here, B is the endomorphism ring of the module T. 

Let us first give several characterizations for Ker(T CS>g — ) to be homological. 
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Theorem 1.1. Suppose that A is a ring and n is a natural number. Let T be a good n-tilting A-module, and let B be 
the endomorphism ring of aT. Then the following are equivalent: 

(1) The full triangulated subcategory Ker(T <g)^ — ) of 2(B) is homological. 

(2) The category consisting of the B-modules Y with Tor^(7\y) = Ofor all m > is an abelian subcategory of 
the category of all B-modules. 

(3) The m-th cohomology of the complex Hom^ (P*,A) (£)a Tb vanishes for all m>2, where the complex P° is a 
deleted projective resolution of &T. 

(4) The kernel K of the homomorphism Coker((po) — ^ Coker((pi) induced from a : P\ — > Pq in (Tl) satisfies 
Ext' B %(T,K) = Ofor all m>0, where (p ( - : Hom^(P,,A) <S>a T — > Hom^(P,-,r) is the composition map under the 
identification of aTb with Hom^ (A, 7") for i = 0,1. 

In particular, if n = 2, then (1) holds if and only ifExt^(T, A) (gu T = 0. 

We remark that if the category Ker(T (8>^ — ) is homological in 21(B), then the generalized localization X : B — > 
Bj of B at the module Tb exists (see Definition 13. 41 i and is homological, and therefore there is a recollement of 
derived module categories: 

9{B T ) — 2(B) 2(A) 

where D(X t ) stands for the restriction functor induced by X. Thus, Theorem II. II can be regarded as a kind of 
generalization of ifTTl Theorem 1.1 (1)], and also gives an explanation why ifTTl Theorem 1.1 (1)] holds. 

As a consequence of Theorem l 1.11 we have the following corollary in which (1) extends IfTTl Theorem 1.1 (1)], 
while our new contribution to (2) is the necessity part of the statement. 

Corollary 1.2. Suppose that A is a ring and n is a natural number. Let T be a good n-tilting A-module, and let B 
be the endomorphism ring of aT. 

(1) If aT decomposes into M ®N such that the projective dimension of aM is at most 1 and that the first syzygy 
of aN is finitely generated, then the category Ker(T (gig — ) is homological. 

(2) Suppose that A is commutative. If Hom^Ti+i , 7}) = for all T, in (T3)' with 1 < i < n — 1, then the 
category Ker(T (gijj — ) is homological if and only if the projective dimension of aT is at most 1, that is, aT is a 
l-tilting module. 



A remarkable consequence of Corollary II. 2l is that we can get an answer to the above-mentioned question. In 
fact, in Section I7TT1 we display an example of an n-tilting module T for each n > 2 and shows that Ker(T ®g — ) is 
not homological. 

Dually, there is the notion of (good) cotilting modules of finite injective dimension over arbitrary rings. This 
notion involves injective cogenerators of module categories. As is known, there is no nice duality between infinitely 
generated tilting and cotilting modules. This means that methods for dealing with tilting modules may not work 
dually with cotilting modules. Nevertheless, we shall use methods in this paper to deal with cotilting modules with 
respect to some "nice" injective cogenerators. Our methods cover particularly cotilting modules over Artin algebras. 
Here, our main concern again is when the induced subcategories of derived categories of the endomorphism rings 
of good cotilting modules are homological, or equivalently, the existence of a recollement similar to IfTTl Theorem 
1.1(1)]. 

Our consideration is focused on (infinitely generated) cotilting modules over Artin algebras A. Let D be the 
usual duality of an Artin algebra. The dual module D(Aa) is an injective cogenerator for the category of A-modules, 
and called the ordinary injective cogenerator. Our main result for cotilting modules is as follows. 

Theorem 1.3. Suppose that A is an Artin algebra. Let U be a good l-cotilting A-module with respect to the 
ordinary injective cogenerator for the category of A-modules. Set R := EndA(t/) and M :— Hom^f/ \D(A)). Then 
the universal localization X : R Rm of R at the module rM is homological, and there exists a recollement of 
derived module categories: 

2(R M ) — * 2(R) ^ 2(A) 

where D(X*) stands for the restriction functor induced by X. 

As is known, over an Artin algebra, each l-cotilting module is equivalent to the dual of a l-tilting right module 
(see IU Chapter 11, Section 4.15]). However, we cannot get Theorem 1 1 . 3 1 from the result IfTTl Theorem 1.1 (1)] 
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because the relationship between the endomorphism ring of an infinitely generated 1-cotlting module and the one 
of the corresponding 1 -tilting right module is unknown. 

For a more general formulation of Theorem 1 1.3 1 on higher cotilting modules, one may see Corollary 16.31 and 
the diagram ($) above Corollary 16.31 For higher cotiltig modules, we also give conditions and counterexamples for 
subcategories from cotilting modules not to be homological, though additional attention is needed. 

The contents of this paper are sketched as follows. In Section 2, we fix notation, recall some definitions and 
prove some homological formulas. In Section|3] we introduce bireflective and homological subcategories in derived 
categories of rings, and discuss when bireflective subcategories are homological. In Section|4] we introduce a new 
class of modules, called Ringel modules, and establish a crucial result, Proposition 14.41 which is used not only 
to decide if a bireflective subcategory is homological, but also to investigate higher tilting and cotilting modules 
in the later considerations. In Section we apply the results in previous sections to good tilting modules and 
show Theorem II. li as well as Corollary 1 1.2 1 At the end of this section, we point out an example which shows that 
there do exist higher tilting modules satisfying the conditions of Corollary 11.21 (1). In Section [6] we first apply 
our results in Section |4]to cotilting modules in a general setting, and then prove Theorem 1 1.3 1 for Artin algebras. 
It is worth noting that, for cotilting A-modules U, recollements of ^(End^f/)) may depend on the choices of 
injective cogenerators to which the cotilting modules are referred. In this section, we also give conditions for the 
subcategories from cotilting modules not to be homological. This is a preparation for constructing counterexamples 
in the next section. In Section |7l we apply our results in Section [5] to good tilting modules T over commutative 
rings, and give a counterexample to show that, in general, Ker(T ®g — ) may not be realized as the derived module 
category of a ring C with a homological ring epimorphism B — > C. For higher cotilting modules, the same situation 
occurs. More precisely, we shall use results in Section |6]to display a counterexample which demonstrates that, in 
general, the corresponding subcategories from cotilting modules cannot be realizable as derived module categories 
of rings. This section ends with a few open questions closely related to the results in this paper. 

2 Preliminaries 

In this section, we briefly recall some definitions, basic facts and notation used in this paper. For unexplained 
notation employed in this paper, we refer the reader to [1 1 j and the references therein. 

2.1 Notation 

Let C be an additive category. 

Throughout the paper, a full subcategory H of C is always assumed to be closed under isomorphisms, that is, if 
X e *B and Y E C with Y ~ X, then Y 6 <B. 

Let X be an object in C- Denote by add(X) the full subcategory of C consisting of all direct summands of finite 
coproducts of copies of M. If C admits small coproducts (that is, coproducts indexed over sets exist in C), then we 
denote by Add(X) the full subcategory of C consisting of all direct summands of small coproducts of copies of X. 
Dually, if C admits small products, then we denote by Prod(X) the full subcategory of C consisting of all direct 
summands of small products of copies of X. 

Given two morphisms / : X — > Y and g : Y — > Z in C, we denote the composite of / and g by fg which is 
a morphism from X to Z. The induced morphisms Hom^(Z,/) : Homc(Z,X) — > Homc(Z,Y) and Homc(/,Z) : 
Home (Y, Z) — > Homc(X,Z) are denoted by /* and /*, respectively. 

We denote the composition of a functor F : C — > 2) between categories C and T> with a functor G : (D — > T, 
between categories T> and £ by GF which is a functor from C to £. Let Ker(F) and lm(F) be the kernel and image 
of the functor F, respectively. In particular, Ker(F) is closed under isomorphisms in C- In this note, we require that 
Im(F) is closed under isomorphisms in T>. 

Suppose that y is a full subcategory of C- Let Ker(Homc(— , 90) be the left orthogonal subcategory with 
respect to y, that is, the full subcategory of C consisting of the objects X such that Hom^p^, Y) = for all objects 
Y in y. Similarly, we can define the right orthogonal subcategory Ker(Homc(90 — )) of C with respect to y. 

Let C £{C) be the category of all complexes over C with chain maps, and ,$f(C) the homotopy category of ^{C). 
As usual, we denote by the category of bounded complexes over C, and by J(f h {C) the homotopy category 

of ^€ (C). When C is abelian, the derived category of C is denoted by @(C), which is the localization of J$f{C) at 
all quasi-isomorphisms. It is well known that both Jff(C) and 2)(C) are triangulated categories. For a triangulated 
category, its shift functor is denoted by [1] universally. 
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If T is a triangulated category with small coproducts, then, for an object U in T, we denote by Tria(E/) the 
smallest full triangulated subcategory of *T containing U and being closed under small coproducts. 

Suppose that 1 and 1' are triangulated categories with small coproducts. If F : 1 — > 1' is a triangle functor 
which commutes with small coproducts, then F(Tiia(U)) C Tria(F({/)) for every object t/ in "T. 

2.2 Homological formulas 

In this paper, all rings considered are assumed to be associative and with identity, and all ring homomorphisms 
preserve identity. Unless stated otherwise, all modules are referred to left modules. 

Let R be a ring. We denote by 7?-Mod the category of all unitary left /^-modules, by Q. R the «-th syzygy operator 
of 7?-Mod for n € N, and regard Q. R as the identity operator of 7?-Mod. 

If M is an /^-module and 7 is a nonempty set, then we denote by M' 7 ' and M 1 the direct sum and product of 
I copies of M, respectively. If / : M — > N is a homomorphism of /^-modules, then the image of x G M under / is 
denoted by (x)f instead of f(x). The endomorphism ring of the /^-module M is denoted by Endp(M). Thus M 
becomes a natural 7?-End#(M)-bimodule. Similarly, if Nr is a right /^-module, then, by our convention, N m a. left 
(End(Afc))°P- right fl-bimodule. 

As usual, we simply write tf(R), X(R) and 9(R) for "jf (5-Mod), JT(^-Mod) and ^(/f-Mod), respectively, 
and identify 7?-Mod with the subcategory of &(R) consisting of all stalk complexes concentrated in degree zero. 
Let "^(R-proj ) be the full subcategory of c <f (R) consisting of those complexes such that all of their terms are finitely 
generated projective /^-modules. 

For each n G Z, we denote by H n (—) : S)(R) — > R-Mod the «-th cohomology functor. A complex X' is said to 
be acyclic (or exact) if H"(X') = for all n G Z. 

In the following, we shall recall some definitions and basic facts about derived functors defined on derived 
module categories. For more details and proofs, we refer to ll9l l25l [Tl [L3l . 

Recall that Jf?{R)p (respectively, (/?)/) denotes the smallest full triangulated subcategory of J(T(R) which 

(i) contains all the bounded-above (respectively, bounded-below) complexes of projective (respectively, injec- 
tive) 7?-modules, and 

(ii) is closed under arbitrary direct sums (respectively, direct products). 

Let JfT(R)c be the full subcategory of Jff{R) consisting of all acyclic complexes. Then (J% r (R)p,JfT(R)c) 
forms a hereditary torsion pair in J(f(R) in the following sense: 

(a) Both J(T(R)p and Jff(R)c are full triangulated subcategories of ,y(f(R). 

\b) YLom^^M* ,N 9 ) = for M* G JfT(R) P and N° £ X{R) C - 

(c) For each X' G JfT(R), there exists a distinguished triangle in JfT(R): 

such that p X* G Jf(R) P and C X* G Jff(R) C - 

In particular, for each complex X' in ,Jrf(R), the chain map is a quasi-isomorphism in ,J4f(R). The 

complex pX* is called the projective resolution of X' in Si(R). For example, if X is an /^-module, then we can 
choose p X to be a deleted projective resolution of pX. 

Note also that the property (b) implies that each quasi-isomorphism between complexes in J(f(R)p is an iso- 
morphism in Jff{R), that is a chain homotopy equivalence in JfT(R). 

Dually, the pair (Jt(R)c, Jff(R)i) is a hereditary torsion pair in ,J€(R). This means that, for each X' in 2>{R), 
there exists a complex jX° G Jff(R)i together with a quasi-isomorphism px* : X' —> jX'. The complex ;X' is called 
the injective resolution of X' in @(R). 

More important, the composition functors 

Jtr(R)p^J(r(R)^3>(R) and X(R)i^r X(R) — ^ 9{R) 

are equivalences of triangulated categories, and the canonical localization functor q : J$T(R) — s- @(R) induces an 
isomorphism Homj%-/p\(X' ,Y') — ^> Hom^r R \(X* ,Y°) of abelian groups whenever either X' G Jd r (R)p or Y' G 
X{R)l 

For a triangle functor F : X(R) Jf{S), we define its total left-derived functor hF : 2>{R) -4 <&(S) by X' h-> 
F(pX'), and its total right-derived functor RF : <2)(R) -s- @(S) by X' i-)- F( t X'). Specially, if F preserves acyclicity, 
that is, F(X') is acyclic whenever X' is acyclic, then F induces a triangle functor D(F) : 2>{R) — > @(S) defined by 
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X' i ^ /^(X*). In this case, up to natural isomorphism, we have LF ~ M.F = D(F), and simply call D(F) the derived 
functor of F. 

Let M' be a complex of /J-S-bimodules. Then, the tensor functor and the Hom-functor 

M" ®5 - : -» and Hom^M*, -) : JT(1?) X(S) 

form a pair of adjoint triangle functors. For the concise definitions of the tensor and Horn complex of two complexes, 
we refer, for example, to lfT3] Section 2.1]. For simplicity, if Y G 5-Mod and X G 7?-Mod, we denote M' <8>* T and 
Hom' R (M',X) by M' ® S Y and Rom R (M', X), respectively. 

Denote by M' <g>^ — the total left-derived functor of M* ®\ — , and by MHom«(M*, -) the total right-derived 
functor of Hom^(M*, -). Note that (M* <S>^ — ,MHom R (M' , — )) is still an adjoint pair of triangle functors. 

The following result is freely used, but not explicitly stated in the literature. Here, we will arrange it as a lemma 
for later reference. For the idea of its proof, we refer to [25 , Generalized Existence Theorem 10.5.9]. 

Lemma 2.1. Let R and S be rings, and let H : J(f(R) — > ,J(f(S) be a triangle functor. 

(1) Define Lh to be the full subcategory of J(f(R) consisting of all complexes X' such that the chain map 
H((Xx') '■ H(pX') — > H(X*) is a quasi-isomorphism in J(f(S). Then 

(1) Lh is a triangulated subcategory of Jfc (R) containing Jif (R) p. 
(it) L H n X (R)c = {X' 6 JtT{R) c \ H(X') G JtT(S)c}- 

(Hi) There exists a commutative diagram of triangle functors: 

X(R) P = 9{R) 

~ in 

L H /L H njtr(R) c -^@(s) 

where Lh/ -Lh H Jff(R)c denotes the Verdier quotient of Lh by Lh H J(f(R)c, and where D(H) is defined by 
X' ^H(X')forX' E L H . 

(2) Define %j{ to be the full subcategory of Jff(R) consisting of all complexes X' such that the chain map 
//(Px*) • H(X') —> H(jX°) is a quasi-isomorphism in Jf(S). Then 

(i) %ji is a triangulated subcategory of Jff(R) containing J(f(R)j. 

(ii) %ji n X(R) C = {X' g JtT(R)c | H(X') G Jf(S) c }. 
(Hi) There exists a commutative diagram of triangle functors: 

X(R)i > 2>(R) 

~ RH 
%j i l%j i ^X(R) c ^-X&(S) 

where %_h / %n H J(f(R)c denotes the Verdier quotient of %_h by %_h H Jff(R)c, and where D(H) is defined by 
X' ^H(X')forX' G %m. 

Note that if H commutes with arbitrary direct sums, then Lh is closed under arbitrary direct sums in ,y(f(R). 
Dually, if H commutes with arbitrary direct products, then %ji is closed under arbitrary direct products in J(f(R). 

From Lemma [2~T1 we see that, up to natural isomorphism, the action of the functor LH (respectively, MH) on a 
complex X' in Lh (respectively, is the same as that of the functor H on X' . Based on this point of view, we 
obtain the following result which will be applied in our later proofs. 

Corollary 2.2. Let R and S be two rings. Suppose that (F, G) is a pair of adjoint triangle functors with F : Jf(S) — > 
JC(R) and G : J(f(R) — > J€(S). Let : FG — > Id j?{r) an d £ : (LF)(RG) — > Id@( R j be the counit adjunctions. If 
X' G %j} and G(X') G Lf, then there exists a commutative diagram in S>(R): 

(LF)(RG)(X*) -^-X' 



By. 

FG(X % ) — s-X* 
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Proof. It follows fromX* G that the quasi-isomorphism px* : X* — >• ,X* in Jf(R) induces a quasi-isomorphism 
G(px*) : G(X') — > G(iX') in Since (J(T(S)p, JfT(S)c) is a hereditary torsion pair in Jf(S), there exists a 

homomorphism p G($x') '■ P G(X°) — > pGQX') in ,J€(S) such that the following diagram is commutative: 



P G(X') 

P G(|3 X . 



G(X') 

G(p x . 



pG(i . Z .) _AJ GUX') 



Note that / ,G(px') is a quasi-isomorphism in J^(S) since all the other chain maps in the above diagram are quasi- 
isomorphisms. By the property (b) related to the pair (J^(S)p,JfT(S)c), we know that p G($x') is an isomorphism 
in J^{S), and therefore the chain map F( p G(Px m )) ■ F( P G(X')) — > F( p G(iX')) is an isomorphism in Jf(R). 
Now, we can easily construct the following commutative diagram in J%f(R): 



F W r)) f -^V G( r)^ 



(LF)(RG)(X > ) 



HpGiiX')) 



FG(P X . 



FG{iX*) 



X* 

Px- 
iX' 



Since G(X*) G Lf by assumption, the chain map F(a G /x')) is a quasi-isomorphism in J(f(R), and is an isomor- 
phism in 3i(R). Clearly, the quasi-isomorphism px* is an isomorphism in 2>(R). 

Furthermore, the counit tx' '■ (LF) (MG) (X' ) — ► X* is actually given by the composite of the following homo- 
morphisms in &(R): 

(LF)(RG)pf) = F( p G(iX m )) FG(iX') — jX'^r. 

Define 

x=(F( p G$x-))y 1 F(a G{ x>)): (LF)(RG)(X*) -^FG(X') 
which is an isomorphism in &(R). It follows that there exists a commutative diagram in $!(R): 

(LF)(MG)(X*) -^-X' 



FG(X*) — ^X' 



This finishes the proof. □ 

As a preparation for our later proofs, we mention the following three homological formulas which are related to 
derived functors or total derived functors. The first one is taken from [ 16 Theorem 3.2.1, Theorem 3.2.13, Remark 
3.2.27]. 

Lemma 2.3. Let R and S be rings. Suppose that M is an S-R-bimodule and I is an injective S-module. 

(1) IfN is an R-module, then 

Hom s (Torf (AT, N),I)~ Ext! R (N, Hom s (M, /)) for all i > 0. 

(2) IfL is an R ^ '-module which has a finitely generated projective resolution in /? op -Mod, then 

Homs(Extjf(L, M),I) ~ Torf (L, Hom 5 (M,/)) for all i > 0. 



The next formula is proved in lTT3l Section 2.1]. 
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Lemma 2.4. Let R and S be rings. Suppose that X' is a bounded complex of R-S-bimodules. IfX' e ^ (R-prnj), 
then there is a natural isomorphism of functors: 

Rom R (X',R)(g>' R - -^»Hom£(X",-) :^(R) -+tf(S). 

In particular, 

Uom R (X*,R)<S) R - -^>KHom K (X*,-) : 3>{R) &{S). 
The last formula is useful for us to calculate the cohomology groups of tensor products of complexes. 

Lemma 2.5. Let n be an integer, and let S be a ring and M an S° v -module. Suppose that F* := (F'),- 6 z is a complex 
in ^{S) such that Y' = for all i>n + 1, and Tor? (M,Y') = for all i £ Z and j > 1. Let m E Z with m <n. If 
Tor? (M,H m+ '(Y')) = = Totj'_ l (M,H m+t (Y*))forO<t<n-m-l, then H' n (M(g> s Y') ~ Tor s n - m (M,H n (Y m )). 

Proof. Suppose that Y' is the following form: 

For ; e Z, define C, := Coker^ 1 ) = F'/Im^''" 1 ) and /, := Im(d'')- Then we have two short exact sequences of 
5-modules for each i £ Z: 

(a) — ► fl"'(F') — > Q — > and (A) — ► /,■ 4 F' +1 — ► Q+i — > 0. 

Clearly, H l (Y') = Ker(7t,A,,), and d' : Y l — » F' +1 is just the composite of the canonical surjection Y l — > Ci with 
%fki-Q^Y i+l . 

( 1 ) We claim that if M ®sH l {Y m ) = 0, then H< (M ® s F * ) ~ Torf (M, C;+ 1 ) . 
In fact, since M <®s — '■ 5-Mod — > Z-Mod is right exact, the sequence 

M® S Y ^ M® s Y l — >M® s d — >0 

is exact, that is, Coker(l ®d'~ l ) ~M® S Q. This implies thatH'(M ®s Y ') oi Ker(l (gut/A.,-) where 

1 <8 jtfXj = ( 1 ® JC,-) ( 1 ® Xi) : M ® s Cj -> M ® s F '+ 1 , 

which is the composite of 1 ® jc,- : M ®s Ci — ► M ® s 7, with 1 ® A.,- : M % /j — ► M ® s F+ 1 . 

Assume fhatM®s// ! (} / *) = 0. Then 1 ®7C; is an isomorphism and Ker(l 557CjA,,-) ~ Ker(l <g)A,,-). Now, we apply 
— to the sequence (b), and get the following exact sequence: 

Torf(M,F ,+1 ) Toif (M,C m ) -^M® s Ii ^M® 5 F'' +1 
Since Torf (M,F' +1 ) = by assumption, we obtain Torf (M,C/+i) ~ Ker(l (g)A,,-). It follows that 
//''(M® S F*) ~ Ker(l ®7t,-A, ; -) ~ Ker(l ® A,,-) ~ Torf (M,C l+ i). 

This finishes the claim (1). 

(2) We show that, for any ; > 1, if Torf (M,i/ ! '(F*)) = = Torf_ ^M^F')), then 

Torf (M, C) Torf +1 (M,C/+i ). 

This follows from applying M ®s — to the exact sequences (a) and (b), respectively, together with our assump- 
tions on F*. 

(3) Let m G Z with m<n — l. Suppose that 

Torf (M,//" !+ '(F*)) =0 = Torf_! (M,H m+r (Y')) for 0<f<n-m-l. 

Then, by taking t = 0, we have M® 5 H'"(y) = 0. Thanks to (1), we have H m (M® s Y % ) ~ Torf (M,C m+i ). 
Since F' = for i > n+ 1, it follows that H"(Y') = C n . This implies that if n-m = 1, then # m (M ® S F*) ~ 
Tor^_ m (M,//"(F-)). 

Now, suppose n — m > 2. For 1 < t < n — m — 1, we see from (2) that Torf (M, C,„+ f ) ^> Torf +1 (M,C,„+ f +i ). 
Thus 

Torf (M, C m+ 1 ) ~ Torf (M, C„ I+2 )-■■■- Torf _ m _ 1 (M, C„_i) ~ Torf _ m (M, C„ ) . 

Consequently, m (M ® 5 F* ) ~ Torf (M, C m+ 1 ) ~ Torf _,„ (M, C„ ) = Torf _ m (M,H"{Y' ) ). This finishes the proof of 
Lemma l231 □ 
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2.3 Relative Mittag-Leffler modules 



Now, we recall the definition of relative Mittag-Leffler modules (see ITTl . J2J). 
Definition 2.6. A right P-module M is said to be R-Mittag-Leffler if the canonical map 

Pz : M® R R' — ► M 7 , m (g> (r,-) i6 / 1— > (mr,-),- e / for m e M, r,- e R, 

is injective for any nonempty set /. 

A right P-module M is said to be strongly R-Mittag-Leffler if the m-th syzygy of M is P-Mittag-Leffler for every 
m > 0. 

By ifTTl Theorem 1], a right P-module M is /^-Mittag-Leffler if and only if, for any finitely generated sub module 
X of Mr, the inclusion X — > M factorizes through a finitely presented right P-module. This implies that if M is 
finitely presented, then it is P-Mittag-Leffier. Actually, for such a module M, the above map pi is always bijective 
(see lfl6l Theorem 3.2.22]). Further, if the ring R is right noetherian, then each right P-module is P-Mittag-Leffler 
since each finitely generated right P-module is finitely presented. 

In the next lemma, we shall collect some basic properties of Mittag-Leffler modules for later use. 

Lemma 2.7. Let R be a ring and M a right R-module. Then the following statements are true. 

(1) If M is R-Mittag-Leffler, then so is each module in Add(M^). In particular, each projective right R-module 
is R-Mittag-Leffler. 

(2) The first syzygy ofM in P op -Mod is R-Mittag-Leffler if and only i/Torf (M,P 7 ) = Ofor every nonempty set I. 

(3) M is strongly R-Mittag-Leffler if and only if M is R-Mittag-Leffler and Torf (M,P 7 ) = Ofor each i > 1 and 
every nonempty set I. 

(4) If M is finitely generated, then M is strongly R-Mittag-Leffler if and only if M has a finitely generated 
projective resolution. 

Proof. (1 ) follows from the fact that tensor functors commute with direct sums. 

(2) Note that the first syzygy Qr(M) of M depends on the choice of projective presentations of Mr. However, 
the "P-Mittag-Leffler" property of £Ir(M) is independent of the choice of projective presentations of Mr. This is 
due to (1) and Schanuel's Lemma in homological algebra. 

So, we choose an exact sequence 

— yKi^Pi — >M — >0 

of right P-modules with Pi projective, and shall show that K\ is P-Mittag-Leffler if and only if Torf (M,P 7 ) = for 
any nonempty set /. 

Obviously, we can construct the following exact commutative diagram: 

^ Torf (M,R') Ki ® R R' Pi ® R R ! ^M® R R' ^ 

P2 Pi 

y 7 v t 
tf/ P/ m 1 >■ 

where p,-, 1 < i < 2, are the canonical maps (see Definition ^. 6\ . Since the projective module Pi is P-Mittag-Leffler 
by (1), the map pi is injective. This means that p2 is injective if and only if so is f <E> 1. Clearly, the former is 
equivalent to that K\ is P-Mittag-Leffler, while the latter is equivalent to that Torf (M,R r ) = 0. This finishes the 
proof of (2). 

(3) For each i > 0, let Q.' R (M) stand for the i-th syzygy of M in P op -Mod. Then, for each nonempty set /, we 
always have 

Torf +1 (M,P 7 )~Torf(^(M),P 7 ). 

Now (3) follows immediately from (2). 

(4) The sufficient condition is clear. Now suppose that M is strongly P-Mittag-Leffler. We need only to show 
that the first syzygy of M is finitely generated, that is, M is finitely presented. However, this follows from the fact 
that the inclusion map M c -t M factorizes through a finitely presented right P-module. □ 

A special class of strongly Mittag-Leffler modules is the class of tilting modules. The following result can be 
concluded from (2J Corollary 9.8], which will play an important role in our proof of the main result. 
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Lemma 2.8. IfM is a tilting right R-module, then M is strongly R-Mittag-Leffler. 

As a corollary of Lemmas 12.81 and 12.71 (4), we obtain the following result which is a generalization of ifTTI 
Corollary 4.7]. 

Corollary 2.9. Let M be a tilting right R-module. IfM is finitely generated, then M is classical. 

Proof. Suppose that Mr is finitely generated. Then we can get an exact sequence (T3)' from (T3) by using 
the argument in [11 Corollary 4.7] repeatedly. This shows that Mr is actually a good tilting module. Since M is 
strongly /?-Mittag-Leffier, it follows from Lemma |2?7| (4) that M admits a finitely generated projective resolution. 
Clearly, such a resolution can be chosen to be of finite length since M has finite projective dimension. This implies 
that Mr is classical. □ 



3 Homological subcategories of derived module categories 

In this section, we shall give the definitions of birefiective and homological subcategories of derived module cate- 
gories. In particular, we shall establish some applicable criterions for birefiective subcategories to be homological. 
Let R and S be arbitrary rings. 

Let X : R —> S be a homomorphism of rings. We denote by X* : 5-Mod — > R-Mod the restriction functor induced 
by X, and by D(X*) : — > $}(R) the derived functor of the exact functor X*. Recall that A, is a ring epimorphism 
if X* : 5-Mod — > R-Mod is fully faithful. This is equivalent to saying that the multiplication map S<Z>rS —> S is an 
isomorphism in 5-Mod. 

Two ring epimorphisms X: R — > S and X' : R — > S' are said to be equivalent if there is an isomorphism \|/ : S — > S' 
of rings such that X' = X\\i. Note that there is a bijection between the equivalence classes of ring epimorphisms 
staring from R and birefiective full subcategories of /?-Mod, and that there is a bijection between birefiective full 
subcategories of /?-Mod and the abelian full subcategories of /?-Mod which are closed under arbitrary direct sums 
and direct products (see, for example, lITTI Lemma 2.1]). 

Recall that a ring epimorphism X : R — > S is called homological if Torf (S,S) = for all i > 0. This is equivalent 
to that the functor D(X*) : @(S) -> <8(R) is fully faithful, or that S <S>r S ~ S in S>(S). It is known that D(X*) has a 
left adjoint 5®^ — and a right adjoint RHom^S, — ). 

Let y be a full triangulated subcategory of @(R). We say that y is birefiective if the inclusion y — > S)(R) 
admits both a left adjoint and a right adjoint. 

Combining |8, Chapter I, Proposition 2.3] with [ 1 1 ] Section 2.3], we know that a full triangulated subcategory 
y of 2#(R) is birefiective if and only if there exists a recollement of triangulated categories of the form 

<y —^^ ®{r) - x 

where is the inclusion functor. Here, by a recollement of triangulated categories (see Q) we mean that there are 
six triangle functors between triangulated categories in the following diagram: 




j* 



such that 

( 1 ) ('* ,i l ),Uu f ) and U* , j* ) ^ adjoint pairs, 

(2) i*,j* and j\ are fully faithful functors, 

(3) rj* = (and thus also f i\ = and i*j\ = 0), and 

(4) for each object X € @(R), there are two canonical distinguished triangles in @(R): 

iu\X) -^X^j,j*(X)^iu\x)[\], j,f (X) -^X^iJ*{X)^j,f{X)[\], 

where i\v (X) — > X and ji f (X) —>X are counit adjunction morphisms, and where X —> j*j*(X) and X iJ*(X) 
are unit adjunction morphisms. 
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Note that X is always equivalent to the full subcategory Ker(Honw#)(— ,90) of S>{R) as triangulated cate- 
gories ( for example, see [jTTl Lemma 2.6]). But here we do not require that the triangulated category X must be a 
subcategory of Z$(R) in general. For more examples of recollements related to homological ring epimorphisms, we 
refer the reader to ifTzl . 

Clearly, if y is homological (see Definition in SectionQ]), then it is birefiective. Let us now consider the converse 
of this statement. 

From now on, we assume that is a birefiective subcategory of 2>{R), and define £ := f n/?-Mod. 

It is easy to see that y is closed under isomorphisms, arbitrary direct sums and direct products in @{R). This 
implies that £ also has the above properties in /?-Mod. Moreover, £ always admits the "2 out of 3" property: For an 
arbitrary short exact sequence in R-Mod, if any two of its three terms belong to £, then the third one belongs to £ . 
By ifTTl Lemma 2.1], £ is an abelian subcategory of /?-Mod if and only if £ is closed under kernels (respectively, 
cokernels) in /?-Mod. This is also equivalent to saying that there exists a unique ring epimorphism X.R^S (up to 
equivalence) such that £ is equal to Im(A.*). 

If y is homological via a homological ring epimorphism X.R^S, then y = Im(D(A.*)) and £ = Im(A.*). In 
this case, £ must be a full, abelian subcategory of /?-Mod. 

In general, for a birefiective subcategory y in &(R), the category £ may not be abelian. This means that 
birefiective subcategories in 3i(R) may not be homological. Alternatively, we can reach this point by looking at 
differential graded rings: By the proof of [8« Chapter IV, Proposition 1.1], the complex i* (R) is a compact generator 
of <y . In particular, we have y = Tria(/*(i?)). It follows from |1 , Chapter 5, Theorem 8.5] that there exists a dg 
(differential graded) ring such that its dg derived category is equivalent to y as triangulated categories. In general, 
this dg ring may have non-trivial cohomologies in other degrees besides the degree 0. In other words, the category 
y may not be realized by the derived module category of an ordinary ring. 

Let u : y ->• S/(R) be the inclusion functor with i* : <&(R) ->■ y as its left adjoint. Define A := Endg,( K )(z* (R)). 
Then, associated with y, there is a ring homomorphism defined by 

8: R — >A, r i-» i* (-r) for re R, 

where r : R — » R is the right multiplication by r map. This ring homomorphism induces a functor 

8* : A-Mod — ► tf-Mod, 

called the restriction functor. 

The following result is motivated by lF22l Section 6 and Section 7]. 

Lemma 3.1. The following statements hold true. 

( 1 ) For each Y' G y, we have H" (Y m ) € 1111(8* ) for all n £ Z. In particular, H" (i* (R)) is an R-A-bimodule for 
all n G Z. 

(2) Let T\r : R — > i*i*(R) be the unit adjunction morphism with respect to the adjoint pair (/*,/*). Then A ~ 
H°(i*(R)) as R-A-bimodules, and there exists a commutative diagram of R-modules: 




H°{i*(R)) 

(3) IfH°(i*(R)) G y, then H"(i*(R)) = Qfor all n > 1, the homomorphism 8 is a ring epimorphism and 
y = {Y* G 3>(R) I H m (Y') G Im(8*) /or all m e Z}. 

Proof. The proof of Lemma [3~T| is derived from El Section 6 and Section 7], where y is related to a set of 
two-term complexes in ^(/?-proj). 

By our convention, the full subcategory Im (8* ) of /?-Mod is required to be closed under isomorphisms in /?-Mod. 

Let r|fl : R — > ij? (R) = i* (R) be the unit adjunction morphism. 

( 1 ) Let Y* G y . Then we obtain the following isomorphisms for each n G Z: 

Horri^, (i* (R) , Y ' [»] ) Hom & {R) (R, U (I") [n] ) = Hom @ {R) (R, Y' [n] ) ~ H" (7*) , 
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where the first isomorphism is given by Hom^^(y\ R ,Y'[n\), which is actually an isomorphism of /^-modules. Since 
Hom^( S ) (i* (R) , Y* [n] ) is a left A-module, we clearly have H" (Y*) G Im(8* ). If Y* = i* (R), then one can check that 
the composite of the following isomorphisms 

(*) Hom^)(f (*)/(/?)[«]) ~Hom^ 

is an isomorphism of /?-A-bimodules. This implies that H"(i*(R)) is an /?-A-bimodule. 

(2) In (*), we take n = 0. This gives the first part of (2). For the second part of (2), we note that there exists the 
following commutative diagram of /^-modules: 

Horn* (R,R) — ^ Hom 9(s) (i*(J?),i* (R) ) 

Hom@ 

Hom@( R )(R,iJ*(R)) 

which implies the diagram in (2) if we identify Hom R (R,R), Horr%( K ) (R,i*i*(R)) and Hom@( R -)(R,r[R) with R, 
H°(i*(R)) andi/°(r| s ), respectively. 

(3) Define 

y 1 := {Y* e 3>(R) | H m (Y m ) e Im(S*) for all m e Z}. 

It follows from (1) that ^ C 9". 

Suppose H°(i*(R)) e 9". We shall prove that 9" C % and so J = 9". 

In fact, from (2) we see that A ~ H°(i*(R)) as ^-modules, and so rA G y. Note that the derived functor 
D(8*) : f^(A) — > ^(i?) admits a right adjoint, and therefore it commutes with arbitrary direct sums. Since y is a 
full triangulated subcategory of @(R) closed under arbitrary direct sums in 2$(R), it follows from 2)(A) = Tria(AA) 
and R AE<y that Im(D(8*)) C f. In particular, Im(S„) C f. 

To prove y' C y, we shall use the following statements (a)-(d) mentioned in |3, Lemma 4.6]. For the defini- 
tions of homotopy limits and homotopy colimits in triangulated categories, we refer to ||9] Section 2]. 

(a) By canonical truncations, one can show that each bounded complex over R can be generated by its coho- 
mologies, that is, if M' G c <o h (R), then M* belongs to the smallest full triangulated subcategory of 3l(R) containing 
H n (M*) with allnGZ. 

(b) Any bounded-above complex over R can be expressed as the homotopy limit of its bounded "quotient" 
complexes, which are obtained from canonical truncations. 

(c) Any bounded-below complex over R can be expressed as the homotopy colimit of its bounded "sub" com- 
plexes, which are obtained from canonical truncations. 

(d) Any complex is generated by a bounded-above complex and a bounded-below complex obtained by canon- 
ical truncations. 

Recall that y is a full triangulated subcategory of 2)(R) closed under arbitrary direct sums and direct products 
in S)(R). Therefore it is closed under taking homotopy limits and homotopy colimits in @(R). Now, by the fact 
Im(8*) C y and the above statements (a) -(d), we can show that y' C y. Thus y = y'. 

Next, we shall show that H n (i*(R)) = for all n > 1. The idea of the proof given here is essentially taken from 
l22l Lemma 6.4]. 

On the one hand, from the adjoint pair (/*,/*), we can obtain a triangle in &(R): 

X' —>R^i*(R) —>X'[i\. 

It is cleat that the unit r\ R induces an isomorphism Hom^^) (i*(R),Y'[n]) ~ Hom^^(R,Y'[n]) for each Y' G y 
and n G Z. This implies that Rom® ^(X* ,Y'[n\) = for Y* G y and n G Z. 

On the other hand, by the canonical truncation at degree 0, we obtain a distinguished triangle of the following 
form in f&(R): 

i*(R)^° f(R) ~h i*(R)^ 1 — > i*(J?)-°[l] 

suchthat^(r W ^).{^ (rW) ;^|J; ^(r^)^^ ^ 
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It follows that r| R p = and that there exists a homomorphism y : R — > i*(R)-° such that yoc = v\ R . Since i*(R) G 
y = f', we know that i*(R)-° G f an d Homg^jtX',;*^)- ) = 0. Consequently, there exists a homomorphism 
9 : i*(R) i*(R)^° such that y = T\ R Q. So, we have the following diagram in 2>(R): 

i*(R)^° 



X' ^ R ^ i* (R) ^ X'[l] 



i*(R)^ 




i*(R)^°[l] 

Further, one can check that r|^0a = ya = r\ R . Since r\ R : R — > i*i*(R) = i*(R) is a unit morphism, we infer that 

8a = Idft(iq, and so 

H"(Qa) = H n (Q)H"(a) = Id H „ {i , {R)) for any n G Z. 

This means that #"(8) : H"(i*(R)) -> H"(i*(R)^°) is injective. Observe that H n (i* (R)^°) = for n > 1. Hence 
H n (i* (R)) = 0forn > 1. 

Finally, we shall prove that 8 : R — > A is a ring epimorphism. 

Clearly, the 8 is a ring epimorphism if and only if for every A-module M, the induced map Hom«(8,M) : 
Hom^(A,M) — > Hom R (R,M) is an isomorphism. Observe that Hom R (8,M) is always surjective. To see that this 
map is also injective, we shall use the commutative diagram in (2) and show that the induced map 

Uom R (H°(t\ R ),M) : Hom R (H°(i* (R)), M) — >Hom R (R,M) 

is injective. That is, we have to prove that if : H°(i*(R)) — > M, with i = 1,2, are two homomorphisms in 7?-Mod 
such that H°{T\ R )fi = H°(r\ R )f 2 , then f x =f z . 

Now, we describe the mapH°(r|«). Recall that H"(i* (R)) =0forall« > 1. Without loss of generality, we may 
assume that i*(R) is of the following form (up to isomorphism in @{R)y. 

. . . > v~" ^ v~" +l > > V~ ! ^—t V° > > ■ ■ ■ 

From the canonical truncation, we can obtain the following distinguished triangle in 2(i(R): 

v'-- 1 -^r(«)AH°(i*(«))^V'-- I [l] 

where V - is of the form: 

>y-"^y-" +l — ► >v~ 2 -^Kei(d- 1 ) — ••• 

and Jt is the chain map induced by the canonical surjection V° —> H°(i*(R)) = Coker(af~'). Applying H°(—) = 
Hom@(]q(R,— ) to the above triangle, we see that H°(r\ R ) = r\ R K in @(R) and that H°(n) is an isomorphism of 
/^-modules. 

Suppose that H (t\ R )fi =H (t\ R )f 2 : R ->M with/, ■ : H°(i*(R)) -»Mfor * = 1,2. Then Ti/f7t/i =t\ R nf 2 . From 
the proof of (2), we have Im(8*) C f. Thus R M G <y since M is an A-module. Note that the unit \\ R : R — > iJ*{R) = 
i*(R) induces an isomorphism Hom a t R \(i*{R),M) ~ Honw K )(^?,M). Thus nf\ = %fi and H°(n)f\ =H°(n)f2. It 
follows from the isomorphism of H°(k) that f\ = fi. This means that Hom R (H°(r\ R ),M) is injective, and thus 8 is 
a ring epimorphism. This finishes the proof of (3). □ 

In the following, we shall systematically discuss when bireflective subcategories of derived categories are ho- 
mological. Note that some partial answers have been given in the literature, for example, see i22] Theorem 0.7 and 
Proposition 5.6], [3, Proposition 1.7] and ifTTI Proposition 3.6]. Let us first mention the following criterions. 
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Lemma 3.2. Let y be a bireflective subcategory of S>(R), and let i* : S>(R) — » y 'be a left adjoint of the inclusion 
y >• S>{R). Then the following are equivalent: 

(1) y is homological. 

(2) H m (i* (R)) = Ofor any m ^ 0. 

(3) H°(i*(R)) G y andH m (i*{R)) = Ofor any m < 0. 

(4) H°(i*(R)) G y, and the associated ring homomorphism 8 : R — > End@rg\(i* (R)) is a homological ring 
epimorphism. 

(5) There exists a ring epimorphism X : R — > S such that gS G y and i*(R) is isomorphic in S>(R) to a complex 
Z* := (Z")„ e z with Z'' G S-Modfor i = 0, 1. 

(6) £ := y PiR-Mod is an abelian subcategory of R-Mod such that i*(R) is isomorphic in S>{R) to a complex 
Z* := (Z") neZ with Z' G S for i = 0, 1. 

In particular, if one of the above conditions is fulfilled, then y can be realized as the derived category of 
Endg>( K ) (i*(R)) via 8. 

Proof. It follows from the proof of [3,, Proposition 1.7] that (1) and (2) are equivalent, and that (2) implies both 
(3) and (4). By Lemma [3~Tl (3). we know that (3) implies (2). 

Now, we show that (4) implies (1). In fact, since H°(i*(R)) E y, it follows from Lemma l3~T1 (3) that 

y = {Y'e 3>{R) | H m {Y') E Im(8*) for all m € Z}, 

where 8 : R — > A := End^^(i*(R)) is the associated ring homomorphism. By assumption, 8 is a homological ring 
epimorphism, and therefore the derived functor D(8») : 2>(A) — > &(R) is fully faithful. Furthermore, we know from 
Lemma 4.6] that 

Im(Z>(8*)) = {V e &{R) | H'"(Y') G Im(8*) for all m G Z}. 

Thus y = Im(D(8*)) C S>{R), that is, y is homological by definition. Hence (4) implies (1). 
Consequently, we have proved that (l)-(4) in Lemma [3~2l are equivalent. 

Note that (5) and (6) are equivalent because <? is an abelian subcategory of /?-Mod if and only if there is a ring 
epimorphism X: R — > S such that $ = Im(A,») (see [111 Lemma 2.1]). 

In the following, we shall prove that (1) implies (5) and that (5) implies (2). 

Suppose that y is homological, that is, there exists a homological ring epimorphism X : R — >• S such that the 
functor D(k*) : 3>(S) -> &{R) induces a triangle equivalence from @(S) to y. Thus y = Im(Z)(A,*)). Since 
i*(R) G y, we have i*(R) G Im(D(A,*)). It follows that there exists a complex Z* := (Z") n£ z € C ^{S) such that 
i*(R) ~ Z' in &{R). This shows (5). 

It remains to show that (5) implies (2). The idea of the following proof arises from the proof of [TTT1 Proposition 
3.6]. 

Let A. : R — >• S be a ring epimorphism satisfying the assumptions in (5). We may identify Im(A* ) with 5-Mod since 
A,* ■ 5-Mod -> R-Mod is fully faithful. Let Z* be a complex in ■«?(/?) such that Z* ~ ;'*(#) in 9{R). We may assume 
that Z* := (Z",d n ) ne i such that Z" G 5-Mod for « = 0, 1, and define (p = Hom^ (R) (X,Z*) : Hom®^) (S,Z*) — > 
Hom^( fi )(/?,Z*). We claim that the map (p is surjective. 

In fact, there is a commutative diagram: 

Hom jr(R) (S,Z*) — ^ Hom® (/?) (5,Z*) 



Hom^^) (*,Z')^*Hom @(s) (/?,Z*), 

where cp' = Homj^i R )(X,Z'), and where gi and q2 are induced by the localization functor q : J%f(R) —> @(R). 
Clearly, the q2 is a bijection. To prove that cp is surjective, it is sufficient to show that (p' is surjective. 

Let /* := (/') G Horn x(r)(R,Z') with {f')iez a chain map from R to Z' . Then f = for any i ^ and 
f°d° = 0. Since Z° is an S-module, we can define g : S — > Z° by s ^- > s(l )f° for s G S. One can check that g is a 
homomorphism of /^-modules with f° = Xg, as is shown in the following visual diagram: 

R^^-S 

^ z -l d ~\ Z° ^ f/ ° a Z 1 f/ ' ~ Z 2 ^ • • • 
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Since X : R — >• S is a ring epimorphism and since Z 1 is an S-module, the induced map Hom^ (X, Z 1 ) : Horn/; (5, Z 1 ) — > 
Hoirifl(/?,Z 1 ) is a bijection. Thus, from this bijection together with Xgd° = f°d° = 0, it follows that gd° = 0. Now, 
we can define a morphism g* := (g l ) G Horn jg-<R){S,Z*), where (g')/'ez is the chain map with g° = g and g' = for 
any i ^ 0. Thus /* = Xg'. This shows that 9' is surjective. Consequently, the map <p is surjective, and the induced 
map 

Hom CJ(R) (X, i*(R)) : Uom m (S,i*(R)) ^Hom® {R) (R,f(R)) 

is surjective since Z* ~ i*(R) in 3>(R). 

Finally, we shall prove that i*(R) ~ 5 in In particular, this will give rise to H m (i*(R)) ~ H m (5) = for 

any m 7^ 0, and therefore show (2). So, it suffices to prove that i* (R) ~ 5 in 2>(R). 

Indeed, let u '■ f — > &{R) be the inclusion, and let r\ R : R —> i*i*(R) be the unit with respect to the adjoint 
pair Clearly, i*(R) = iJ*(R) in 3${R). Since we have proved that Yk>ra^i R \(X,i*(R)) is surjective, there 

exists a homomorphism v : S — > i*i*(R) in @(R) such that r\ R = Xv. Furthermore, since rS belongs to £K by 
assumption, we see that Honw S )(r|/f,S) : Hom@ / R \(i*(R),S) — > Honw R )(/?,S) is an isomorphism. Thus there 
exists a homomorphism u : (R) — > S in ^(R) such that X = r\ R u. This yields the following commutative diagram 
in &{R): 

R ^=^= R ^=^= R 



i t i*(R) - - >S- - >- U*{R), 

which shows that r\ R =y\ R uv and X = Xvu. Since Horn® ^(r\ R ,i*(R)): Uom^^^i* (R) ,i* (R)) -^■Rom^^(R,iJ* (R)) 
is an isomorphism, we clearly have uv = lj ti -*rff). Note that Hom^(A-,5) : Hom«(5,5') — > Homfl^,^) is bijective 
since X : R — > S is a ring epimorphism. It follows from X = Xvu that vu = Is- Thus the map u is an isomorphism in 
9(R), and i*(R) = iJ*(R) ~ 5 in ^(/?). This shows that (5) implies (2). 

Hence all the statements in Lemma [3721 are equivalent. This finishes the proof. □. 



Now, we mention a special birefiective subcategory of @(R), which is constructed from complexes of finitely 
generated projective /^-modules. For the proof, we refer to |j8] Chapter III, Theorem 2.3; Chapter IV, Proposition 
1.1]. See also ifTTl Lemma 2.8]. 

Lemma 3.3. Let Y,be a set of complexes in ^(R-proj). Define y := Ker(Hor%j(ft)(Tria(£), — )). Then y is bire- 
fiective and equal to the full subcategory of 'S> '(R) consisting of complexes Y' in 2l(R) such that Hom^( S )(P*, T*[rc]) 
= Ofor every P* G E and n G Z. 



To develop properties of the birefiective subcategories of 3t(R) in Lemma [331 we shall define the so-called 
generalized localizations, which is motivated by a discussion with Silvana Bazzoni in 2012. In fact, this notion 
was first discussed in [21] under the name "homological localizations" for a set of complexes in ^(R-proj), and 
is related to both the telescope conjecture and algebraic /^-theory. The reason for not choosing the adjective word 
"homological" in this note is that we have reserved this word for ring epimorphisms. 

Definition 3.4. Let R be a ring, and let E be a set of complexes in ^(R). A homomorphism Xz ' R^Rzof rings is 
called a generalized localization of R at E provided that 

(1) Xz is E-exact, that is, if P* belongs to E, then Rz®rP' is exact as a complex over Rz, and 

(2) Xz is universally E-exact, that is, if S is a ring together with a E-exact homomorphism (p : R — > S, then there 
exists a unique ring homomorphism y 5 such that (p = Xzty- 

If E consists only of two-term complexes in ^(R-proj), then the generalized localization of R at E is the 
universal localization of R at E in the sense of Cohn (see HU). It was proved in lfl4l that universal localizations 
always exist. However, generalized localizations may not exist in general. For a counterexample, we refer the 
reader to lET] Example 15.2]. 

We remark that, in Definition l3.4l (l). if E consists of complexes in ^''(R-proj), then, for each P* := (P')iez G E, 
the complex Rz ®r P* is actually split exact as a complex over Rz since Rz ®r P' is a projective 7?£-module for each 
/'. Further, by Definition l3.4l (2). if Xj : R — > Rj is a generalized localization of R at E for i = 1,2, then A-i and X2 are 
equivalent, that is, there exists a ring isomorphism p : R\ — > R2 such that X2 = A,ip. 

Suppose that U is a set of ^-modules each of which possesses a finitely generated projective resolution of 
finite length. For each U G U, we choose such a projective resolution p U of finite length, and set E := { p U | 
U G 11} C ^(R-proj), and let R<u be the generalized localization of R at E. If pU' is another choice of finitely 
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generated projective resolution of finite length for U , then the generalized localization of R at E' := {,>£/' | U G U} 
is isomorphic to Ru, that is, R<u does not depend on the choice of projective resolutions of U. Thus, we may say 
that Rfjis the generalized localization ofR at 11. 

Generalized localizations have the following simple properties (compare with ifTTI Theorem 3.1 and Lemma 
3.2]). 

Lemma 3.5. Let R be a ring and let T.be a set of complexes in ^ (7?-proj). Assume that the generalized localization 
Xz : R — > Rz ofR at E exists. Then the following hold. 

(1) For any homomorphism (p S of rings, the ring homomorphism Xzty : R — > S is Y.-exact. 

(2) The ring homomorphism Xz is a ring epimorphism. 

(3) Define E* :~ {Hom R (P° ,R) | P* G E}. Then Xz is also the generalized localization of R at the set E*. In 
particular, Rz* — Rz as rings. 

Proof. (1) For each P* G E, we have the following isomorphisms of complexes of S-modules: 

S® R P' ^(S®r z R z )®rP* ~S® r% {Rz®rP'). 

Since Rz®rP* is split exact in 'rf(Rz), we see that S® R P' is also split exact in ^(S). This means that the ring 
homomorphism A,£(p is E-exact. 

(2) Assume that <p,- : Rz —> S is a ring homomorphism for i = 1,2, such that A.£(pi = A,£<p2- It follows from 
(1) that A.£<p, is E-exact. By the property (2) in Definition 13.41 we obtain cpi = cp2. This implies that Xz is a ring 
epimorphism. 

(3) Note that P* is in ^''(/J-proj). It follows from Lemma l2~4l that, for any homomorphism R —> S of rings, 
there are the following isomorphisms of complexes: 

Hom R (P',R) <Z> R S~ Uom R (P',S) ~ Hom^P'.Hom^j^, S)) ~ Hom s (S ® R P* ,S). 

This implies that the complex HomR(P',R) ®rS is (split) exact in C ^{S° V ) if and only if so is the complex S (S)rP* 
in ^(S). Now, (3) follows immediately from the definition of generalized localizations. □ 

In the following, we shall establish a relation between bireflective subcategories of &(R) and generalized lo- 
calizations. In particular, the statements (3) and (4) in Lemma [3~6l below will be useful for discussions in the next 
section and the proof of Theorem ll.il 

Lemma 3.6. Let E be a set of complexes in %?*(./?-proj), and let j\ : Tria(E) — > S>(R) be the inclusion. Define 
y := Ker(Hom@^)(Tria(E), — )). Then the following are true. 

(1) There exists a recollement of triangulated categories: 

f j\ 
y 9(R) ^ Tria(E) 

where (i*,i*) is a pair of adjoint functors with /* the inclusion. 

(2) The associated ring homomorphism 8 : R — > A := End@( R j(/*(/?)) induced by i* admits the following prop- 
erty: For any H-exact ring homomorphism <p :/?—>• 5, there exists a ring homomorphism \\f : A — > S such that 
(p = 8\|/. 

(3) IfH°(i*{R))e'X, then 8 is a generalized localization ofR at E. In particular, if the subcategory y of S!{R) 
is homological, then 8 is a generalized localization ofR at E. 

(4) Define E* := {Wom R {P\R) G ^(fl°P-proj) | P' G E} and J 1 := Ker(Hom gf( ^ P) (Tria(E*), -)) . Then J is 
homological in 2l(R) if and only if so is £T' in Sl(R op ). 

Proof. (1) can be concluded from [11, Lemma 2.6 and Lemma 2.8]. 

(2) The proof here is motivated by ll22l Lemma 7.3]. Let (p : R — >• S be a E-exact ring homomorphism. Since 
S® R P* is exact in tf(S) for P* G E, we have Sfg^P* =S® R P* ~ in ${S). Further, the functor S®\ - : 3>{R) -)■ 
2>{S) commutes with arbitrary direct sums, so S®\X* ~ for each X' G Tria(E). 

Let @{R) /Tria(E) denote the Verdier quotient of &(R) by the full triangulated subcategory Tria(E). It follows 
from the recollement in (1) that ;* induces a triangle equivalence: 

^(fl)/Tria(E) -^J. 
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Since 5®^ — sends Tria(E) to zero, there exists a triangle functor F : ( y ^ 2>{S) together with a natural isomorphism 
of triangle functors: 

4>: S<gfe- -^Fi* : ®(R) — > ®(g). 
This clearly induces the following canonical ring homomorphisms: 

A:=End» w (»* (R)) AEnd» w (F(f(J?))) ~ End a(s) (S®^) ~End @(s) (S) ~S 

where the first isomorphism is induced by the natural isomorphism <t> R : S®Jji? — > F(i*(R)) in @(S). Now, we 
define \|/ : A — >• S to be the composite of the above ring homomorphisms. Then it is easy to check that cp = 8\)/. 
Consequently, the 8 has the property mentioned in (2). 

(3) Assume that H° (i* (R)) € J. By Lemma[3~T1(3), the map 8 is a ring epimorphism. Combining this with (2), 
we know that 8 satisfies the condition (2) in Definition 13. 41 To see that 8 is the generalized localization of R at E, 
we have to show that 8 satisfies the condition (1) in Definition l3.4l that is, 8 is E-exact. 

In fact, by Lemma [3~T1 (2). we have A ~ H°(i*(R)) as /^-modules. This gives rise to R A G y. Note that 
Hom @(S )(X*,T*) = for X* G Tria(E) and Y* G J. In particular, we have Hom0(/?)(P*,A[n]) = for any P' G E 
and n G Z. It follows that H" (Horns (P m , A) ) ~ Horn, 

y^(R)(P'i-^[ n ]) — Homi%(ii)(P' ,A[n]) = 0, and therefore the 
complex Hom^(P*,A) is exact. Since P' & ^(P-proj), we have Homfl(P*,A) G ^(A^-proj). This implies that 
Hom^(f*,A) is split exact, and therefore the complex HomAop(Hom/f(f*,A),A) over A is split exact. Now, we 
claim that the latter complex is isomorphic to the complex A®rP* in C ^(A). Actually, this follows from the 
following general fact in homological algebra: 

For any finitely generated projective /^-module P, there exists a natural isomorphism of A-modules: 

A(g) R P — >Hom A o P (Homfl(P,A),A), x®p^ [/ ' h-> x(p)f] 

for x G A, p G P and / G Horn/; (P, A). Consequently, the complex A ®rP' is exact in ^(A), and thus 8 is E-exact. 
Hence 8 is a generalized localization of R at E. 

Clearly, the second part of Lemma l3~6l (3) follows from the equivalences of (1) and (4) in Lemma [3~2l 

(4) We shall only prove the necessity of (4) since the sufficiency of (4) can be proved similarly. 

Suppose that y is homological in &{R). It follows from Lemma [3~l2l (4) and Lemma [3~6l (3) that the ring 
homomorphism 8 : R — > A is not only a homological ring epimorphism, but also a generalized localization of R at 
E. Moreover, by Lemma 1331 (3). the map 8 is also a generalized localization of R at E*. 

Note that f 1 is a bireflective subcategory of &(R° V ) by Lemma l3~3l Now, let L be a left adjoint of the inclusion 
f' — > &(R° V ). To show that f' is homological in S>(R° V ), we employ the equivalences of (1) and (4) in Lemma 
13.21 and prove that 

(a) H (L(R)) G y 1 and 

(b) the ring homomorphism 8' : R — > A' := End@rgop)(L(i?)) induced by L is homological. 

Clearly, under the assumption (a), we see from (3) that 8' is a generalized localization of R at E*. Since 8 is 
also a generalized localization of R at E*, there exists a ring isomorphism p : A' — > A such that 8 = 8'p. Note that 
8 is homological. It follows that 8' is homological. 

It remains to show (a). In fact, since H°(L(R)) ~ A' as right /^-modules by Lemma [3~T1 (2). it is sufficient to 
prove that the right /^-module A' belongs to y' . However, by (1) and Lemma [3~3l we have 

<y' = {Y m G ^(R ?) \ Horns, (Rop) (Hom R (P',R),Y'[n}) = forP* G E and n G Z}, 

and by the isomorphism p and 8 = 8'p, we get A' ~ A as right /^-modules. Consequently, to show A^ G y', it is 
enough to show that A^ belongs to f' , that is, we have to prove that Hon%rgop) (Hoitir(.P*,P), A[«]) = for any 
P* G E and n G Z. 

Let P' G E, and set P'* := Wom R {P m 1 R). Since P* is a complex in c #*(P-proj), we see from Lemma l2~4l that 
Hom^o P (P** 7 A) ~A®rP' as complexes in "if (A), and therefore there exist the following isomorphisms: 

Hom^jjop^P", A[n)) ~ Horn^op) (P**, A[n}) ~ ff"(Hom R op(P**,A)) ~ H"(A® R P m ). 

Since 8 : R — » A is a generalized localization ofR at E, the complex A®r P' is exact in ^(A), that is, H"(A(3gP') = 
for any n G Z. Thus Hom^^opj [P**, A[«]) = for n G Z. Thus A R G y', and the proof of the necessity of (4) is 
completed. □ 

As an application of Lemma l3~6l (3), we have the following result which says that generalized localizations can 
be constructed from homological ring epimorphisms. 
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Corollary 3.7. Let X : R —} S be a homological ring epimorphism. Suppose that rS has a finitely generated pro- 
jective resolution of finite length. Let P' be a complex in ^(/J-proj), which is isomorphic in S$(R) to the mapping 
cone ofX. Then X is a generalized localization ofR at P*. 

Proof. Since X is homological and P' is isomorphic to the mapping cone of A, in 3>(R), it follows from 
Section 4] that there is a recollement of triangulated categories: 



9(S) — 9(R) ^ Tria(P') 

where j\ is the inclusion. This shows that Cf '■= Ker(HonwK)(Tria(P*),— )) is equivalent to @(S). Thus y is 
homological. Note that S®^R ~ S and End«(«5) ~ S. By Lemma [3T6l (3). we know that A- is a generalized 
localization of R at P' . □ 



4 Ringel modules 

This section is devoted to preparations for proofs of our main results in this paper. First, we introduce a special 
class of modules, called Ringel modules, which can be constructed from both good tilting and cotilting modules, and 
then discuss certain birefiective subcategories (of derived module categories) arising from Ringel modules. Finally, 
we shall describe when these subcategories are homological. In particular, we shall establish a key proposition, 
Proposition l4.4l which will be applied in later sections. 

Throughout this section, let R be an arbitrary ring, M an /^-module and S the endomorphism ring of rM. Then 
M becomes naturally an /?-5-bimodule. Further, let n be an arbitrary but fixed natural number. 

Definition 4.1. The /^-module M is called an n-Ringel module provided that the following three conditions are 
fulfilled: 

(R\) there exists an exact sequence 

— > P„ — > YP\ — >P — >M — > 

of ^-modules such that P, G add(fl/?) for all < ; < «, 
(R2) Ext{(M,M) = for all j > 1, and 
(R3) there exists an exact sequence 

— > R R — > M Mi — > > M„ — > 

of ^-modules such that M, e Prod(^M) for all < i < n. 

An n-Ringel /^-module M is said to be perfect if the ring S is right noetherian; and good if 
(R4) the right 5-moduleM is strongly S-Mittag-Leffier (see Definition 12. 6b . 

Classical tilting modules are good Ringel modules. Conversely, for a Ringel module M, if each M, in (R3) is 
isomorphic to a direct summand of finite direct products of copies of M, then M becomes a classical tilting module 
(see Introduction). 

If a Ringel /^-module M has the property Prod(^M) = Add(^M) (for example, Ms is of finite length), then rM 
is a tilting module. In this case, rM is even classical (see Corollary 12. 9) . 

Moreover, if the ring S is right noetherian (see the statements following Definition ^. 61 l. then any right 5-module 
is S-Mittag-Leffier. Thus each perfect Ringel /^-module must be good. 

It is worth noting that good tilting (or cotilting) modules may not be Ringel modules because it may not be 
finitely generated. For example, the infinitely generated Z-module Q©Q/Z is a good tilting module, but not a 
Ringel module. Clearly, the good 1-cotilting Z-module Homz(Q © Q/Z) is not a Ringel module. 

Assume that rM satisfies (Rl). Then M is isomorphic in @(R) to the following complex of finitely generated 
projective /^-modules: 

>0^P„^ fl, _►()—»>••. 

It follows from Lemma[0]that J := {Y* G @(R) \ Hom^^M, Y'[m\) = for all m E Z} is a birefiective sub- 
category of @(R). 
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Now, assume thatM satisfies both (Rl) and (R2). Then the functors 

G:= R M®\-: 9(S) — > <2>(R) and H := MHom R (M, -) : 9(R) — > 9{S) 

induce a triangle equivalence: $t(S) — — ■> Tria(^M) (see 0] Chapter 5, Corollary 8.4, Theorem 8.5]). Moreover, 
J = Ker(H) since H m ( KHom R (M,Y')) ~ Horn® {R) (M,Y'{m\) for each Y* G ®{R) and m G Z. 

Thus, by Lemma l3~6l (T) and (3) as well as Lemma l3~2l we have the following useful result for constructing 
recollements of derived module categories. 

Lemma 4.2. Suppose that the R-module M satisfies (Rl) and (R2). Then there exists a recollement of triangulated 
categories: 

i* G 

(*) J — ^-9{R) — 5_^#(S) 

where is a pair of adjoint functors with z* the inclusion. 

If in addition, the category y is homological in &(R), then the generalized localization X : R — > Rm ofR at M 
exists and is homological, which induces a recollement of derived module categories: 



9(R) — 5—*- S>(S) 




In the following, we shall consider when the category £T is homological. In general, this category is not homo- 
logical since the category 

£ := ynR-Mod = {Y G R-Mod \ Ex1%(M,Y) = for all m > 0} 

may not be an abelian subcategory of R-Mod. So, we need to impose some additional conditions on the module M. 

By Lemma [3~2l whether y is homological is completely determined by the cohomology groups of i*i*(R). So, 
to calculate these cohomology groups efficiently, we shall concentrate on good Ringel modules. 

From now on, we assume that rM is a good n-Ringel module, and define M' to be the complex 

>0 — >M Q ^Mi — ► >M„ — >0 — ► • • • 

arising from (R3) in Definition l4.11 where M, is in degree ; for < i < n. 
First of all, we establish the following result. 

Lemma 4.3. The following statements are true. 

(1) For each X £ Prod(^M), the evaluation map Qx : M ®sH° m R(M ,X) — > X is injective and Coker(0x) 6 S. 

(2) 

ifj < 0, 

HJ +l ( R M® s nom R {M, AT)) if j > 0. 

(3) For n = 0, the complex i*i*(R) is isomorphic in S>(R) to the stalk complex Coker(0M o ). For n > 1, the 
complex i*i*(R) is isomorphic in S>(R) to a complex of the form 

— >E° — >E l — ► > E"~ l — > 

with E" 1 G Sfor < m < n - 1. 

Proof. Recall that M is an .R-S-bimodule with S = End^(M). So we have a pair of adjoint functors: 
R M ® s ~ ■ S-Mod — > R-Mod and Hom R (M, — ) : R-Mod — > 5-Mod. 
This can be naturally extended to a pair of adjoint triangle functors between homotopy categories: 
R M® s -:Jf(S) — >Jf{R) and Hom R (M, -) : JfT(R) — > Jf{S). 



H j (iJ*(R)) 



19 



By passing to derived categories, we obtain the derived functors G and H, respectively. Further, let 

: M ® s Hom^(M, -) — > Id R - Mo d and e : GH — ► 

be the counit adjunctions with respect to (M®s — ,Homg(M, — )) and (G,H), respectively. 

Note that, for each X' G S$(R), it follows from the recollement (*) in Lemma 14721 that there exists a canonical 
distinguished triangle in 9{R): 

GHpT) ^X* — >/,/*(x*) — -+GH(X*)[1]. 

(1) Let X G Prod(flM). To verify that 0^ is injective, it is sufficient to show that 

Q M i :M(g) S Hom ff (M,M 7 ) — > M 1 

is injective for any nonempty set /. Since Hom R (M,M ! ) ~ Hom R (M,M) ! , the injection of M ; is equivalent to 
saying that the canonical map p/ : M<EisS' — > M 1 , defined in Definition ^. 61 is injective. This holds exactly if M is 
5-Mittag-Leffler. However, the axiom (R4) ensures that M is S-Mittag-Leffler. Thus Q x ■ M ® s Hom fl (M,X) — > X 
is injective. 

To prove Coker(0x) G § := J n/?-Mod, we demonstrate that there is the following commutative diagram in 
(a) GH(X) *X ^iJ*(X) ^GH(X)[1] 



M® s Hom R (M,X) X ^Coker(0 x ) ^ M ® s Hom R {M,X)[l} 

With the help of this diagram and the recollement (*) in Lemma l4~2l we have i*i*(X) G y , and therefore 

hi*{X) ~ Coker(0 z ) G J n/WVlod = S. 

This will finish the proof of (1). So we shall prove the existence of the above diagram (a). 
In fact, we shall first show that there exists a commutative diagram (b) in 9(R): 

(b) GH(X) *~X 



M® s Hom R (M,X) — -^X 

This can be seen as follows: In Corollary 12.21 we take F := R M <E>s — and G := Horns (M, — )■ Then G = LF 
and H = M.G. To prove the existence of (b), it suffices to prove X G %x) and G(X) G Lp. For the definitions of %q 
and Lf,we refer to Lemma |2~T1 

Observe that X G %.g if and only if Ext J R (M,X) = for any j > 0. Since X G Prod(^M), it suffices to show that 
Ext' R (M,M ! ) = for any j > and any set /. This follows from Ext^ (M,M 7 ) ~ Ext^ (M,M) 7 = by the axiom 
(R2). Thus X G "K.G. 

Note that G(X) G L F if and only if Tor? (M,G(X)) = for any j > 0. Since X G Pmd( R M) and G commutes 
with arbitrary direct products in /?-Mod, we have G(X) G Prod(sS). This means that, to prove G(X) G Lp, it is 
sufficient to check Tor? (M,^) = for any j > and any set /. However, since M is a good Ringel module, the 

right 5-module M is strongly 5-Mittag-Leffler by the axiom (R4), and therefore Tor S j(M,S') = by LemmaO^). 
This shows G(X) G Lp. 

Hence, by Corollary 12.21 the diagram (b) does exist. Now, by the recollement (*) in Lemma l4~2l we can extend 

Ex to a canonical triangle in 9{R): GH(X) X — > iJ*(X) — > GH(X)[1]. Since each short exact sequence in 
/?-Mod induces a canonical triangle in 9(R): 

M<g) S Hom R (M,X) ^X — >Coker(0 x ) — > M® lS Hom«(M,X)[l], 
the diagram (a) follows from the commutative diagram (b). 
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(2) Since M is a Ringel /^-module, it follows from (R3) that there is a quasi-isomorphism R — > M' in J4f{R). 
Consequently, we can form the following commutative diagram in 2>(R): 



(c) GH(/f) ^ R 

GH(M') -^M* 

Next, using Corollary 12. 2l again. we shall show that there exists a commutative diagram in &(R): 

(d) GH(M') — — *-M* 

M <g) S Horn* (M,M*) — M' 

By Corollary |22] we need only to show that M' G %.g and G(M') G 

On the one hand, by the axiom (/?3) of Definition 14.11 M % is a bounded complex such that each term of it 
belongs to Prod(M). On the other hand, by Lemma |2~T1 the categories and Lp are triangulated subcategories of 
,yf(R) and Jtf(S), respectively. Thus, to prove that M" G %/j and G{M') G Lp, it is enough to prove that X G %x} 
and G(X) G Lp for any X € Prod(fiM). Clearly, the latter has been shown in (1). Thus (d) follows directly from 
Corollary |Z2l 

Note that Q x '■ M® s Hom R (M 7 X) — >X is injectiveby (1). Since M ( - G Prod(^M) by the axiom (R3), each map 
9m, is injective for < ; < n. This clearly induces a complex Coker(0M« ) of the form: 

— >Coker(9 Mo ) Coker(8 Ml ) ^ > Coker(9 M „_ 1 ) ^4 Coker(9 M „) — >0 in tf(R) 

such that there is an exact sequence of complexes over R: 

— >M<g) S Hom R (M,M') ^>M' — >Coker(9 M .) — > 0. 

Since each exact sequence of complexes over R can be naturally extended to a canonical triangle in @(R), we obtain 
a triangle in 2i{R): 

(e) M® s Hom R (M,M') 'Hm* — >Coker(9 M .) — > M <Z> s Hom R (M,M')[l}. 
Certainly, we also have a canonical triangle in £)(R) from the recollement (*) in Lemma l4~2l 

(/) GH(R)—>R—H,f(R)— >-GH(J?)[l]. 
So, combining (c), (d), (e) with (/), one can easily construct the following commutative diagram in @(R): 

GH(R) R ^ iJ*(R) ^ GH(J?)[1] 

M® s Hom R (M,M') -^~M' ^Coker(9 M «) >■ M <g> s Hom R (M,M , )[l] 

In particular, we have i*i*(R) ~ Coker(9M») in @(R), and therefore 

H j (iJ*(R))~H j (Coker{Q M .)) for any j G Z. 

This implies that H j (iJ*(R)) = for j < or j > n. 

Now, combining (e) with R ~ M* in S>(R), we obtain a triangle in 2>(R): 

M® s Wom R {M,M') — >R — >Coker(9 M «) — > M ® s Hom R (M,M')[l]. 
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Applying the cohomology functor W to this triangle, one can check that 

H j (iJ*(R)) ~ H J (Coker(e M ')) ^ H j+l (M <g> 5 Horn* (M,M*)) for any > 0. 

Thus (2) follows. 

(3) For « = 0, the conclusion follows from i*i*(R) ~ Coker(0M«) trivially. So, we may assume n > 1, By the 
final part of the proof of (2), we know that 

M*(/f)~Coker(0 M .) m@(R) and //"(Coker(0 M .)) ~ // n+1 (M® s Hom s (M,M*)). 

Since the (n + l)-term of the complex M ®$ Horns (M,M*) is zero, we see that //"(Coker(0M*)) = 0. This im- 
plies that the [n — l)-th differential 8„_i of the complex Coker(0M«) is surjective. It follows that Coker(0M') is 
isomorphic in 3>(R) to the following complex: 

(t) — > Coker(0 Mo ) Coker(0 Ml ) > Coker(0 M)i _ 2 ) ^4 Ker(3„_ 1 ) — > 0. 

Since M m G Prod(«M) for < m < n by the axiom (R3), we see from (1) that Coker(0 M „,) G Note that S is 
always closed under kernels of surjective homomorphisms in /?-Mod. Thus Ker(3„_i) G S '. This means that (t) is 
a bounded complex with all of its terms in S '. 

Consequently, the complex i*i*(R) is isomorphic in Q)(R) to the complex (t) with the required form in Lemma 
14.31 (3). This finishes the proof. □ 

Remark. By the proof of Lemma [431 (2), we see that the complex rM Hom^(M, M*) is isomorphic in 
3>{R) to both rM ®^ Hom^(M, M') and GH(/?). This implies that, up to isomorphism, the cohomology groups 
// ; (/;M®sHom^(M,M*)), for j G Z, are independent of the choice of the complex M' which arises in the axiom 
(R3) of Definitiongl] 

With the help of Lemma [3~l2"1 and Lemma |431 we can prove the following key proposition. 

Proposition 4.4. The following statements are equivalent: 

(1) The full triangulated subcategory y of S>(R) is homological. 

(2) The category S is an abelian subcategory ofR-Mod. 

(3) #-'(/fM®sHom/ ? (M,M*)) =0forany j > 2. 

(4) The kernel of the homomorphism do : Coker(0M o ) — > Coker(0M[ ) induced from V belongs to S. 

Proof. The equivalences of (1) and (2) follow from those of (1) and (6) in Lemma l3~2l to gether with Lemma 
14.31 (3), while the equivalences of ( 1 ) and (3 ) follow from those of ( 1 ) and (2) in Lemma l3~2l together with Lemma 
14.31 (2). Now we prove that (1) and (4) are equivalent. By Lemma l4~3l (2) and the equivalence of (1) and (3) 
in Lemma l3~2l we see that (1) is equivalent to H° (/*/* (R)) G r . By the proof of Lemma l-OI (2). we infer that 
H Q (i t i*(R)) ~//°(Coker(0 M .)) -Ker(8 ). Thus, (1) is equivalent to Ker(8 ) G J n -Mod/? = S . □ 

As a consequence of Proposition [4j4] we have the following handy characterizations. 

Corollary 4.5. Assume that the projective dimension of rM is equal to n. Then the following are true. 

(1) If n < 1, then y is always homological. 

(2) Ifn = 2, then y is homological if and only jfM(E)sEx1^(M,J?) = 0. 

(3) Suppose that n > 3 andTorf(M, E\t J R (M,R)) = for 2<j<n-\ and < i < j -2. Then J is 
homological if and only if 

Toif (M, Ext R (M,R)) =0 for 0<k<n-2. 

Proof. The key point in the proof is to check when the y'-th cohomology group W {rM ®$ Hom/;(M, M*)J 
vanishes for j > 2. Note that W (M ® s Uom R (M, M')) =0 for all j > n. 

For n < 1, the conclusion in Corollary 14.51 is clear. So, we suppose « > 2. By the axiom (R2), we have 
Extk (M,M) = for all j > 1. It follows that Ext^ (M,M 7 ) ~ Ext J R (M,M)' = for any nonempty set /, and therefore 
Ext R (M,X) = for any X G Prod(M). 

By the axiom (R3), there exists an exact sequence in /?-Mod: 

— ► R — > M — >Mi — ► >M n — > 
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such that Mi G Prod(M) for < i < n. Since Ext R (M,X) = for any X g Prod(M) and j > 1, we know that the 
following complex Hom R (M,M*) : 

— > Hom R (M,M ) — > Uom R (M,Mi) — > Hom R (M,M 2 ) — > > Hom R (M,M„) — > 

satisfies thatH j (Uom R (M,M')) ~ Ext J R (M,R) for each ; > 1. 

(2) Let n = 2. Consider the complex M ®s Hom R (M, M' ) : 

— > M ® s Hom R (M,Mo) — > M ® s Hom R (M,Mi) — > M ® s Hom R (M,M 2 ) — > 0. 
Since the functor R M (E>s — : 5-Mod — > R-Mod is right exact, we have 

H 2 (M(g) S Uom R (M,M')) ~M<g> s H 2 (Hom R (M,M')) ~ M ® s Ext 2 R (M,R). 

Now, the statement (2) follows from the equivalences of (1) and (3) in Proposition |4j4] 

(3) Under the assumption of (3), we claim that 

H m (M® s Horn* (M, M' )) ~ Tor^_,„ (M, Ext" R (M,R)) for 2 < m < n . 

Consequently, the statement (3) will follow from the equivalences of (1) and (3) in Proposition l4.4l 

In the following, we shall apply Lemma [2~5l to prove this claim. Define Y* := Hom^(M, M'). This is a complex 
over S with Y' = Hom R (M ,M,-) for < i < n and Y' = for i > n + 1. Moreover, since the right S'-module M is 
strongly 5-Mittag-Leffler by the axiom (R4), it follows from the proof of Lemma |4~31 (1) that 

Tor^(M,Hom«(M,X)) = for all k > 1 andX G Prod(M). 

This imphes that Torf (M, F') = for all i G Z and k > 1. 

Recall that// 7 (}") ~ Ext^(M,i?) for all y > 1. By assumption, we obtain 

Toif (M, W(Y*)) = for 2<j<n-\ and 0<;<;'-2. 

Clearly, this implies that, for each 2 < m < « — 1, we have 

Toif (M,H m+t {Y 9 )) = = Toif_j (M,H m+ '(Y')) for < / < n-m - 1. 

It follows from Lemma|23]that ff m (M® s y) ~ Tor^_ m (M,H n (F*)) ~ Tor^_ m (M, Ext^(M,/?)). 

To finish the proof of the claim, it remains to prove H n (M ®sY') ~M(g5jExt^(M,/?). However, since the functor 
M®s- is right exact and since Y' = for i > n + 1, we see that H n (M® s Y') ~ M (g> s H n (Y') ~M(g> s Ext R (M,R). 
This finishes the proof of the above-mentioned claim. Thus (3) holds. □ 

As another consequence of Proposition 14.41 we mention the following result which is not used in this note, but 
of its own interest. 

Corollary 4.6. (1) I/Mq e Add(^M), then R M is a classical tilting module. 
(2) If M\ e Add(jfM), then J is homological in @(R). 

Proof. ( 1 ) Suppose Mo G Add(^M) . We claim that Coker(0M„ ) = 0. In fact, since R M is finitely generated by the 
axiom (Rl), the functor Hom R (M, — ) : 7?-Mod — > 5-Mod commutes with arbitrary direct sums. It follows that the 
evaluation map Ox : M® s Hom R (M,X) — ► X is an isomorphism for each X G Add(^M). Since Mq G Add(^M), the 
map Qm '■ M ®sHom R (M ,Mq) — > Mq is an isomorphism, and therefore Coker(0M o ) = 0. Combining this with the 
proof of PropositionE3] we have H°(iJ*(R)) ~ Ker(3 ) = 0. Note that End S ( R) (i* {R)) ~H°(i*(R)) =H°(iJ*(R)) 
as /^-modules by Lemma [3~T| (2). This implies that Endcg^(i*(R)) = and so £T = by Lemma |3~T| (1). Now, it 
follows from Lemma [4721 that RHom^(M, — ) : Z$(R) — > @(S) is a triangle equivalence. Consequently, R M is a 
classical tilting module by [fl] Chapter 5, Theorem 4.1]. 

(2) It follows from the proof of (1) that Coker(0M, ) = 0. Thus (2) follows from Proposition l4.4l and Lemma |4~31 
(1). □ 
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5 Application to tilting modules: Proofs of Theorem II. II and Corollary IL2 



In this section, we first develop some properties of (good) tilting modules, and then give a method to construct 
good Ringel modules. With these preparations in hand, we finally apply Proposition 14. 4| to prove Theorem ll.ll and 
Corollary O 

Throughout this section, A will be a ring and n a natural number. In addition, we assume that T is a good 
n-tiltingA-module with (T\),(T2) and (T3)'. Let B : = End A (r). 

First of all, we shall mention a few basic properties of good tilting modules in the following lemma. For proofs, 
we refer to JT] Chapter 11, Lemma 2.7], ]6] Proposition 1.4, Lemma 1.5] and Proposition 3.5]. 

Lemma 5.1. The following hold true for the tilting module aT. 

(1) The torsion class T x := {X S A-Mod | E\t' A (T,X) = Ofor all i > 1} in A-Mod is closed under arbitrary 
direct sums in A-Mod. 

(2) The right B-module T has a finitely generated projective resolution of length at most n: 

— ► Hom A (T n ,T)—> ► Hom A (T\,T) — > Hom A (T 0! T) — > Tg — > 

with Ti G add( A r)/or all < i < n. 

(3) The map A° P — > End^op (T), defined by a M> [t \-> at] for a £ A and t G T, is an isomorphism of rings. 
Moreover, Ext^ op (T, T) = Ofor all i > 1. 

(4) If T n = in the axiom (73)', then aT is an (n — l)-tilting module. 

Let us introduce some notation which will be used throughout this section. 
Define 

G:= a T®b~: 9{B) -+ 9(A), H := RHom A (r, -) : 9(A) -> 9(B), 

Q* ■= > — > Hom A (r, 7b) — > Hom A (T,T{) — > > Hom A (T,T n ) — > — > •■■ 

where Hom A (r, 7}) is of degree i for < i < n, and Q'* := Home (Q* , B) £ ^(B^-proj). Clearly, Q'* is isomorphic 
in < ^' , (B op -proj) to the complex 

>0^Hom A (T„,T) — > »>Honu(7i,r)— )-Honu(ro,r)— ^0— 

The following result is due to Bazzoni |6 Theorem 2.2], which says that, in general, 9(A) is not equivalent to 
9(B), but a full subcategory of 9(B). 

Lemma 5.2. The functor H : 9(A) ->■ 0(5) is fully faithful, andlm(H) = Ker(Hom®( B )(Ker(G), -)). 

The next result supplies a way to understand good tilting modules T by some special objects or by subcategories 
of derived module categories. In particular, the category Ker(G) is a bireflective subcategory of 9(B). 

Lemma 5.3. For the tilting A-module T, we have the following: 

(1) H(A) ~Q* in 9(B) andHom^(Q' ,Q'[m\) = Ofor any mj^O. 

(2) Ker(G) = {Y' € 9(B) | Rom mB) (Q', Y'\i}) = Ofor all i e Z}. 

(3) Let j\ : Tria(Q*) — > 9(B) and /* : Ker(G) — > 9(B) be the inclusions. Then there exists a recollement of 
triangulated categories together with a triangle equivalence: 



(*) Ker(G) 9(B) J -+ Tria(<2*) °^ * 9(A) 



such that G j*j' is naturally isomorphic to G. 

Proof. We remark that Lemma IB31 is implied in |6). For convenience of the reader, we give a proof here. 
(1) By the axiom (7'3) / , the stalk complex A is quasi-isomorphic in ^(A) to the complex T' of the form: 

► —> T — ► Ti — > > T„ — > — > • • • 
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where Tj G add(T) is in degree i for < i < n. Further, by the axiom (T2), we have Tj G T x := {X G A-Mod \ 
Ext^(r,X) =0for all i> 1}. It follows from LemmaO(l) that H(A) ~ H(T') ~ Hom A (7\ 7") = g* in 0(B). 
Since the functor// is fully faithful by Lemma [5721 we obtain 



Uom m (Q',Q'[m}) ~ Hom^/f (A),/f (A)[m]) ~ Hom^ (A) (A, A[m]) ~ Ex$(A,A) = 

for any m^O. This shows (1). 

(2) Since Q* G ^(B-proj) and since Q'* is quasi-isomorphic to 7g by Lemma l5"Ti"l (2). we have the following 
natural isomorphisms of triangle functors: 

KHom B (G', -) Q'* 0(B) — ► 0(Z), 

where the first isomorphism follows from Lemma 12.41 Note that H'"(M.Hom^^ B - j (Q',Y')) ~ Hom^^\(Q , ,F , [/n]) 
for m 6 Z and F* £ 0(B). This shows (2). 

(3) Since g* 6 ^ fo (B-proj), we know from (2) and Lemma [3~6l (l) that there exists a recollement of triangulated 
categories: 

r 

(**) Ker(G) — 0(B) 3 —*~ Tria(2') 

On the one hand, by the correspondence of recollements and TTF (torsion, torsion-free) triples (see, for exam- 
ple, ifTTl Section 2.3]), we infer from (**) that Im(j'*) = Ker(Homgi( B )(Ker(G), — )) and that the functor j* : 
Tria(g') — > lm(j t ) is a triangle equivalence with the restriction of f to 101(7*) as i ts quasi-inverse. On the 
other hand, it follows from Lemma IBT21 that lm(H) = Ker(Hom^( B j(Ker(G), — )) and the functor H : 0(A) — ► 
lm(H) is a triangle equivalence with the restriction of G to lm(H) as its quasi-inverse. Consequently, we see that 
Im(y'*) = lm(H) and the composition G 7* : Tria(g') — > 0(A) of j* with G is also a triangle equivalence. 
It remains to check 

G^Gj,f: 0(B) — ► 0(A). 
In fact, for any X' G 0(B), by the recollement (**), there exists a canonical triangle in 0(B) : 

m'QT) -^jJ(X') — ►m'(X')[1]. 

Since Im(/*r) = Im(/„) = Ker(G), we know that G(X') Gj*f (X') in 0(B). This proves (3). □ 

Next, we shall investigate when the subcategory Ker(G) of 0(B) is homological. The following result conveys 
that this discussion can be proceeded along the right B-module T. 

Lemma 5.4. The category Ker(G) is a homological subcategory of '(B) ifandonly if Ker(RHomBo P (r, — )) is a 
homological subcategory of 0(B op ). 

Proof In Lemma [3761 we take R := B and £ := {g*}. Then E* = {g**} where g** := Hom B (g*,B). Since 
Q'* is quasi-isomorphic to 7g by Lemma l5TI (2). we infer that g** — ^> in 0(B op ) and that there exists a natural 
isomorphism of triangle functors: 

MHom B op(r, -) -=* MHom^^g**, -) : 0(B op ) — ► 0(Z). 

This implies that 

Ker(RHom B o P (r, -)) = Ker(RHom B o P (g**, -)) = {Y* | Hom^op^g'*, Y'[m}) = for m G Z}. 
Thus Lemma |5T4l follows from Lemmas 13.31 and |3~6l (4) . □ 



Next, we point out that each good tilting module naturally corresponds to a good Ringel module. This guarantees 
that we can apply Proposition l4.4l to show Theorem ll.il 

Lemma 5.5. The right B-module 7g is a good n-Ringel module. 
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Proof. By Lemma [5T1 (2). the axiom (R\) holds for 7g, and the projective dimension of 7g is at most n. 
Moreover, by Lemma l5TI (3). the axiom (R2) also holds for Tb- Now, we check the axiom (R3) for Tb- 
In fact, according to the axiom (Tl), the module aT admits a projective resolution of A-modules: 

O^P,,^ >P { -^P ^T — ►() 

with P/ G Add^A) for < i < n. Since Ext^ (T, T) = for each j > 1 by the axiom (T2), it follows that the sequence 

— > B — > Hom A (P , T) — ► Horxu^i ,T) — > ► Hom A (P n ,T) — > 

of right B-modules is exact. Note that Honu^, T) G Prod(7s) due to P, G Add(^A). This means that the axiom 
(R3) holds for 7g. Thus the right B-module Tb is an n-Ringel module. 
It remains to prove that Tb is good, that is, Tb satisfies the axiom (R4). 

Actually, by Lemma [5J] (3), the map A° P — > End^op (r), defined by a ^ [t n- at] for a G A and t G T, is an 
isomorphism of rings. Further, it follows from Lemma l2~8l that the right A op -module T is strongly A op -Mittag- 
Leffler. Hence, the right End g o P (r) -module T is strongly End g o P (r)-Mittag-Leffler. Thus, by definition, the n- 
Ringel fi op -module T is good. □ 

Remark. If aT is infinitely generated, then the right B-module T is not a tilting module. In fact, it follows 
from Lemma l5TI (2) that Tb is finitely generated. Suppose contrarily that 7g is a tilting right B-module. Then, by 
Corollary 12.91 the right B-module 7g is classical, and therefore aT is classical by Lemma I5TI (2)-(3). This is a 
contradiction. 

Now, with the previous preparations, we are in the position to prove Theorem ll.il 

Proof of TheoremO We shall use Proposition l4.4l to show the equivalences in Theorem ll.il 
Recall that we denote by P' the complex which is the deleted projective resolution of aT: 

>0^P„^ >P l ^P Q ^0^--- 

appearing in the axiom (Tl). Here, Pi is in degree — i for < ; < n. 

By Lemma 1531 we know that T is a good n-Ringel B op -module and that the exact sequence in the axiom (R3) 
can be chosen as 

— >B B — > Hom A (PoJ) — ► Hom A (P U T) — > > Hom A {P n ,T) — ► 0. 

In particular, the complex M* in Proposition l4.4l can be chosen to be the following complex: 

Hom A (P*, T) : > — > Hom A {P , T) — > Hom A (Pi J) — > > Hom A (P„,T) — > — >■■■ 

Now, in PropositiongjU we take R := B op , S := A op and M := R T S . Further, let 

H = RHorri£op(r, — ) : £>(B op ) — >■ S>(A op ). 

It follows from Lemma [5~4l that Ker(G) is homological in &(R) if and only if so is Ker(H) in &(B° V ). In other 
words, the statement (1) in Theorem ll.ll is equivalent to the following statement: 

(1') The category Ker(H) is a homological subcategory of 2>(B°' 9 ). 

In the following, we shall show that (1') is equivalent to (2), (3) and (4), respectively. 

We first show that (1') and (2) are equivalent. In fact, it follows form Proposition l4.4l that (1') is equivalent to 
(2') The category S := {Y G B op -Mod | Ext'^ op (T,Y) = for all m > 0} is an abelian subcategory of B op -Mod. 
So, we will show that (2') is equivalent to (2). For this aim, we set g# := {X G B-Mod | Torf n (T,X) = for all m > 
0}, and establish a connection between srf and $ . Let ( — ) v be the dual functor Homz(— ,Q/Z) : Z-Mod — > 
Z-Mod. 

Now, we claim that ( — ) v induces two exact functors: 

{-y-.st^rg and (-) v : S — > sf 

such that X G si if and only if X y G S, and that Y G S if and only if Y y G si ', where X G fi-Mod and Y G B op -Mod. 

In fact, it is known that Q/Z is an injective cogenerator for Z-Mod, and that (— ) v admits the following proper- 
ties: 
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(a) For each M G Z-Mod, if M v = 0, then M = 0. 

(fc) A sequence -> Xi X 2 -> X 3 of Z-modules is exact if and only if -> (X 3 ) v (X 2 ) v ->■ (Xi ) v 
is exact. 

On the one hand, for each X G B-Mod, it follows from Lemma l2~3l (l) that 

(Toif I (r,X)) v ~Extgop(r,X v ) for all m > 0. 

This implies that X G si if and only if X v G £ . This is due to (a). 

On the other hand, since Tg has a finitely generated projective resolution in B op -Mod by Lemma [57X1 (2). it 
follows from Lemma |2~3l (2) that 

(Ext^ op (r, F)) v ~ Tor£(T, Y y ) for all m > and for any Y G B op -Mod. 

This means that Y G £ if and only if Y v G again due to (a). This finishes the proof of the claim. 

Recall that si always admits the "2 out of 3" property: For an arbitrary short exact sequence in B-Mod, if any 
two of its three terms belong to si, then so does the third. Moreover, si is an abelian subcategory of B-Mod if 
and only if sf is closed under kernels (respectively, cokernels) in B-Mod. Clearly, similar statements hold for the 
subcategory £ of B op -Mod. 

By the above-proved claim, one can easily show that si is closed under kernels in B-Mod if and only if £ is 
closed under cokernels in B op -Mod. It follows that s/ is an abelian subcategory of B-Mod if and only if £ is an 
abelian subcategory of B op -Mod. Thus (2') is equivalent to (2), and therefore (1') and (2) are equivalent. 

Next, we shall verify that (1') and (3) are equivalent. Actually, it follows form Proposition |4j4]that (1') is also 
equivalent to the following statement: 

(3') W (Homgop (T,AT) <S> A T) = for all j > 2, where Hom B o P (r, M*) := Hom B o P (r,Hom A (P , ,r)) is the 
complex of the form: 

— >Hom B op(r,Hom j4 (P ,:0) — > Honiflop (T, Hom A (Pi , T)) — ► > Kam m (T,Uom A (P n ,T)) — >Q, 

with Hom^op (T, Hom A (Pi, T)) in degree i for <i <n. 

So it suffices to verify that (3') and (3) are equivalent. Clearly, for this purpose, it is enough to show that 
Hom A (P*,A) ~ Hom B op(r,Hom A (P , ,Z')) as complexes overA op . 

Note that there exists a natural isomorphism of additive functors: 

Hom B o P (J, Hom A (-, T)) Hom B o P (Hom A (A,T), Hom A (-, T)) : A -Mod -» A op -Mod. 

Moreover, the functor <t> := Hom A ( — , T) yields a natural transformation: 

Horru(-A) — > Hom B o P (4>(A), *(-) ) : A-Mod ->• A op -Mod. 

Now we shall show that this transformation is even a natural isomorphism. Clearly, it is sufficient to prove that 

4> : Hom A (X,A) Hom B o P (4>(A), 4>(X)) 

for any projective A-module X. In the following, we will show that this holds even for any A-module X. 

In fact, since T is a good tilting A-module, it follows from the axiom (73)' that there exists an exact sequence 
— > A — > To — > T\ with 7] G add(T) for z = 0, 1. By Lemma l5TI (2). we obtain another exact sequence <t>(ri ) — >• 
4>(ro) — > ^(A) — > of B op -modules. This gives rise to the following exact commutative diagram: 



^ Hom A (X,A) ^ Hom A (X,r ) Hom A (X,7i) 

(J> ~ ~ 

^Hom B o P (<I>(A),<I>(X)) ^Hom B op(4>(7b),<I>(X)) Hom B o P (<I>(ri), 4>(X)) 

where the isomorphisms in the second and third columns are due to To G add(T) and T\ G add(T), respectively. 
Consequently, the <t> : Hom A (X,A) — > Hom B o P (<t>(A), ^(X)) in the first column is an isomorphism. This implies 
that 

Hom A (-,A) ^Hom B o P (4>(A),4>(-)) Hom B o P (r,Hom A (-, T)) : A-Mod -> A op -Mod. 
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Thus Hom A (P*,A) ~ HomBo P (r,Hom / 4(P , ,r)) as complexes over A op . Thus (3') is equivalent to (3). 
It remains to show that (1') is equivalent to (4). 

For each right B-module Y, let 0y : HomBo P ( A 7fi, Y) <E)a T — > Y be the evaluation map. Then it follows from 
the equivalence of (1) and (4) in Proposition l4.4l that (1') is equivalent to the following statement: 

(4') The kernel of the homomorphism 3o : Coker(8 < j,( / > )) — > Coker(9 <I) (p 1 )) induced from the homomorphism 
4>(o) : 4>(P ) — > ®(Pi) belongs to S. 

Now, we claim that K ~ Ker(8o) as right B-modules (see the definition of K in Theorem |l.l| (4)). This will show 
that (1') and (4) are equivalent. 

To check the above isomorphism, we first define the following map for each A-module X: 

Cx : Hom A (X,A) ® A T — > Hom A (X, T),f®t^[x^ (x)ft] 

for / G Hom A (X ,A) , t ET and x EX. This yields a natural transformation £ : Hom A ( — ,A) <E) A T — > Hom A ( — , T) 
from A-Mod to B op -Mod. Clearly, by definition, we have (p, = t^p. for i = 0, 1. 

Recall that, under the identification of <P(A) with T as A-B-bimodules, the functor <I> induces an isomorphism 
Hom A (X ,A) HomBo P (r, <&(X)) of A op -modules. In this sense, one can easily construct the following commu- 
tative diagram: 

Hom A (X,A) ® A T s~ Uom A (X,T) 



Hom B o P (r, <J>(X)) ® A T ^ 4>(X) 

This implies that Coker(^x) is naturally isomorphic to Coker(0<j,( X )) as B op -modules. Since cp,- = for i = 0, 1, 
we show that K ~ Ker(3o) as B op -modules. 

Hence, we have proved that the statements (l)-(4) in Theorem ll.ll are equivalent. 

Now, suppose n = 2. Then the complex P* is of the following form: 

> — > Pi — >P\ — >P — > — > ■ ■ ■ 

which is a deleted projective resolution of A T. Since (1) and (3) in Theorem ll.ll are equivalent, we see that (1) holds 
if and only if H 2 (Uom A (P' ,A) (gu T B ) = 0. However, since the tensor functor -® A T B : A op -Mod — > B op -Mod is 
always right exact, we have 

H 2 (Hom A (P',A) ® A T B ) =s H 2 (Hom A (P*,A)) <E) A T — ExV A {T,A) ® A T. 

This finishes the proof of Theorem ll.il □ 

Remarks. (1) If the category Ker( A T — ) in Theorem II. II is homological in 3){B\ then it follows from 
Lemma 14721 (see also Lemma l53l (3)) that the generalized localization X : B — >• Bj of B at the module T B exists and 
is homological, which gives rise to a recollement of derived module categories: 

9{ B T y^^^(B)^^^(A) 

(2) Combining the remark following Lemma 1431 with the proof of Theorem ll.il we infer that the complex 
Hom A (f,A) ® A T B in TheoremOis isomorphic in ^(B op ) to both Hom A (P*,A) ®\ T B and KHom B o P (r,5) ®^ 
T . This implies that, up to isomorphism, the cohomology group H m (Hom A (P° ,A) ® A T B ) in Theorem 1 1.1 1 (3) is 
independent of the choice of the projective resolutions of A T for all m G Z. 

(3) By the proof of the equivalence of (1) and (4) in Theorem l 1.11 we know that Coker(^x) — Coker(8 ^ >(xw as 
fi op -modulesforX eA-Mod. IfX G Add( A A), then 4>(X) e Prod(r B ), and therefore it follows from Lemma |431(1) 
that Coker(9, I>(x) ) belongs to S := {Y e B op -Mod | Ext B \(T,Y) = for all m > 0}. Particularly, in TheoremO 
(4), we always have Coker((p,) G § for i= 1,2. Note that S is closed under kernels of surjective homomorphisms 
in B op -Mod. Hence, if the homomorphism a : Coker(cpo) — > Coker(cpi) induced from a . P\ — > Po is surjective, 
then the kernel K of o does belong to S, and therefore the category Ker(T ®Jj — ) is homological in $l(B) by the 
equivalence of (1) and (4) in Theorem ll.il 

Clearly, the maps Jt and co in the definition of tilting modules induce two canonical quasi-isomorphisms Jt : 
P* — > T and co : A — > T* in ^(A), respectively. Consequently, both Jt and CO are isomorphisms in @(A). 

As a preparation for the proof of Corollary 11.21 we shall first establish the following lemma. 
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Lemma 5.6. The complex Hom A (P*,A) is isomorphic in @(Z) to the following complex: 



Hom A (T,T') : > — > Hom A (T,Tq) — > Hom A (T,T{) — > >Hom A (r,r„) 

In particular, if A is commutative, then Hom A (P* ,A) ® A Tb — Horrid (T, T') ®^ Tb in &{B 0? ). 
Proof. Since S and 5 are chain maps in ^(A), we can obtain two chain maps in c if(Z): 



Hom A (f,A) 



Hom'(P*,r*) 



■Hom A (r,r') 



Now, we claim that both chain maps are quasi-isomorphisms. 

To check this claim, we apply the cohomology functor H'(-) to these chain maps for ; 6 Z, and construct the 
following commutative diagram: 



g'(Hom A (/",A)) H ' {{a) '> H'(Hom'(f,r*)) "' {{n)t) ff'(Hom A (r, r*)) 



(5)* (S)* 
Hom jr(A) (P*,A[i]) -5-^Hom jr(A) (P«,r*[ I '])^-!-Honi jr(A) (r,r«[i']) 



?3 



Hom @(A) (/",A[j]) —+Hom mA) (P\T'\i}) ^—Hom mA) (T,T'[i\) 



where the maps qt, for 1 < j < 3, are induced by the localization functor q : ,J^(A) — > 3i(A), and where the 
isomorphisms in the third row are due to the isomorphisms co and K in &(A). 

Since P' is a bounded complex of projective A-modules, both q\ and q2 are bijective. This implies that //'((co)*) 
is also bijective, and therefore (co)* is a quasi-isomorphism. 

Note that (n). t is a quasi-isomorphism if and only if H'((n)*) is bijective for each ; 6 Z. This is also equivalent 
to saying that qj, is bijective in the above diagram. Actually, to prove the bijection of qj, it is enough to show that, 
for X € add( A r) and ; G Z, the canonical map Horn j^^(T,X[i]) — !► Honw A )(r,X[/]) induced by q is bijective 
since T" is a bounded complex with each term in add( A T). However, this follows directly from the axiom (T2). 
Thus (k)* is a quasi-isomorphism. 

Consequently, the complexes Hom A (P*,A) and Hom A (r, T') are isomorphic in S?(Z). 

Now, assume that A is commutative. Then each A-module can be naturally regarded as a right A-module and 
even as an A-A-bimodule. In particular, the complex T* can be regarded as a complex of A-A-bimodules. In this 
sense, both 7t : P' — > T and CO : A — > T' are quasi-isomorphisms of complexes of A-A-bimodules. Moreover, one 
can check that the chain maps (co)* and (n) t are quasi-isomorphisms in ^(A op ). This implies that Hom A (f*,A) ~ 
Hom A (r, 7") in ^(A°P). Note that Hom A (f,A) <g> A T B ~ Hom A (P*,A) ®^ T B in @(B°?) (see the above remark 
(2)). As a result, we have Hom A (P*,A) ® A T B ~ Hom A (r, T') <g>^ T B in 2>{B°v). □ 

Proof of Corollary 11.21 (1) By the remark (3) at the end of the proof of Theorem 11.1 J we know that if the 
homomorphism o : Coker(cpo) — > Coker(cpi) induced from o . P\ — > Pq (see Theorem 1 1.1 1 (4)) is surjective, then 
Ker( A r <S>}j -) is homological in <2){B). 

Now, we verify this sufficient condition for the good tilting module A T which satisfies the assumption in (1). 



In fact, by assumption, we can assume that A M has a projective resolution: — 

a" 

with Pq,P[ £ Add( A A), and that A N has a projective presentation: P'{ — > Pq — > A N 
and P'l e add( A A). Since A T = M ON, we can choose a = ( ^ ^„ I : P' 



Pi 



P' 







)P'{ 



P' 



with P' Q ' e Add( A A) 
P[{. Recall that £: 



Hom A (— ,A)® A T — !-Hom A (— ,T) is a natural transformation from A-Mod to B op -Mod (see the proof of Theorem 
ll.lt . Certainly, if X € add( A A), then £,x is an isomorphism, and so Coker(^x) = 0. 

Let o' : Coker(^ P / ) — > Coker(i^p/ ) and a" : Coker(^ P «) — > Coker(^ /> «) be the homomorphisms induced from 
o' and a", respectively. By definition, we have cp, = for i = 0, 1, and 



a = 







Coker(C^)< 



S Coker(^/ ) — > Coker(^j ) © Coker(^« ) . 
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Now, we show that a is surjective, or equivalently, both a' and a" are surjective. In fact, since P[' £ add^A), 
we see that Coker(^ /> «) = 0. Thus o" is surjective. As aM is a direct summand of aT and of projective dimension 
at most 1, it follows from the axiom (T2) that the map Hom^a', T) : Hom^fg, T) — > Hom^Pf, T) is surjective. 
This implies that o' is a surjection. Consequently, a is surjective. Thus Kst(aT ®g — ) is homological in 3>(B). 
This finishes the proof of (1). 

(2) Suppose that Ker(^r ®^ — ) in Theorem l 1 . 1 l is homological. By Theorem ll.il we have 77'" (Hom A (P',A) ® A 
T B ) = for all m > 2. In the sequel, we shall show that if H n (Hom A (P' ,A) ®a T b ) = 0, then T n = 0. 

In fact, since A is commutative, it follows from the proof of Lemma 1531 that HomA (P*, A) — Hom^T, T') in 
£^(A op ). Note that the tensor functor - <g) A T b : A op -Mod — > B op -Mod is right exact. This means that 

= H" (Uom A (P' ,A) ® A T B ) ~ H" {Hom A {P' ,A)) ® A T ~H n (Rom A (T,T')) ® A T. 

In particular, we have H"(HomA(T n , T')) ®a T n = 0, due to T„ G add^P). 
Recall that the complex Hom A (T n ,T°) is of the form 

>0 — > HomA (7;, 7b) — > ^HomA(r„,r„_i) — >HomA(r„,7;) — >0 — >■■■ 

As HoiriA(7; 7 , r„_i) = by our assumption in Corollary 11.21 (2). we obtain /7"(HomA(^„,^ , )) = HomA(r„,7'„). 
Thus EndA(7!,) <£>a T„ = 0. It follows from the surjective map 

EndA(r„) <g)A T n — > T n , /®ih> {x)f for / e EndA(7;,) and x G T„ 

that 7;, = 0. This finishes the proof of the above claim. 

By our assumption, we have HomA(7] + i , 7}) = for 1 < i < n — 1. Now, we can proceed by induction on n to 
show that Tj = for 2 < j < n. Thus, by Lemma I5TK 4), T is a 1-tilting module, that is, the projective dimension 
of a T is at most 1 . 

The sufficiency of Corollarv ll.2l (2) follows from Theorem ll.il see also ITTl Theorem 1.1 (1)]. This finishes the 
proof of Corollary 11.21 □ 

Let us end this section by constructing an example of infinitely generated «-tilting modules T such that Ker(T ®\ 
— ) are homological. 

Let A be an arbitrary ring with a classical n-tilting A-module T'. Suppose a T' = M ®N with M a nonzero A- 
module of projective dimension at most 1. Let I be an infinite set, and let T := (BN. Then T is a good n-tilting 
module. Since T satisfies Corollary |1.2| (l), we see that Ker(r ®g — ) is homological in 31(B). 



6 Applications to cotilting modules 

Our main purpose in this section is to show Theorem |1.3| and develop some conditions which can be used to decide 
if subcategories induced from cotilting modules are homological or not. We also provide an example to show that 
recollements provided by cotilting modules depend upon the choice of injective cogenerators. 

6. 1 Proof of Theorem [13] 

In this section, we shall apply the results in Section|4]to deal with cotilting modules. First, we shall construct Ringel 
modules from good cotilting modules, and then use Proposition 14.41 to show the main result, Corollary 16.31 of this 
section, and finally give the proof of Theorem 1 1.3 1 

Suppose that A is a ring and that W is a fixed injective cogenerator for A-Mod. Recall that an A-module W is 
called a cogenerator for A-Mod if, for any A-module Y, there exists an injective homomorphism Y — > W ! in A-Mod 
with 7 a set. This is also equivalent to saying that, for any non-zero homomorphism / : X — > Y in A-Mod, there 
exists a homomorphism g € HomA (Y, W) such that fg is non-zero. 

Let us recall the definition of n-cotilting modules for n a natural number. 

Definition 6.1. An A-module U is called an n-cotilting module if the following three conditions are satisfied: 
(CI) there exists an exact sequence 

— >U — > 7 7i — > >I„ — > 
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of A-modules such that /, is an injective module for every < ; < n; 

(C2) Ext A (U 1 ,U ) = for each j > 1 and for every nonempty set /; and 
(C3) there exists an exact sequence 

— >U„ — ► >Ui — >U — > W — > 

of A-modules, such that {/,- € Prod( A [/) for all < i < n. 

An «-cotilting A -module U is said to be good if it satisfies (CI), (C2) and 
(C3)' there is an exact sequence 

— >U„ — ► >Ui — >U — > W — > 

of A-modules, such that Uj G add( A [/) for all < i < n. 

We say that U is a (good) cotilting A-module if A U is (good) «-cotilting for some n G N. 

We remark that if both W\ and W? are injective cogenerators for A-Mod, then Prod(Wi) = Prod(W2). This 
implies that the definition of cotilting modules is independent of the choice of injective cogenerators for A-Mod. 
However, the definition of good cotilting modules relies on the choice of injective cogenerators for A-Mod. 

As in the case of tilting modules, for a given n-cotilting A-module U with (C1)-(C3), the A-module U' := 
0" =o £/, is a good n-cotilting module which is equivalent to the given one in the sense that Prod(f/) = Prod(t/'). 

From now on, we assume that U is a good n-cotilting A-module with (Ci), (C2) and (C3)', where the module 
W in (C3)' is referred to the fixed injective cogenerator for A-Mod. In this event, we shall call U a good n-cotilting 
A-module with respect to W. 

Let R := End A (U), M := Hom A (U ,W) and A := End A (W). Then Mis an fi-A-bimodule. 

First of all, we collect some basic properties of good cotilting modules in the following lemma. 

Lemma 6.2. The following hold for the cotilting module U. 

(1) The R-module M has a finitely generated projective resolution of length at most n: 

— >Hom A {U,U n ) — ► >Hom A (U,U\) — > Hom A (U,U ) — > M — >0 

such that U m £ ndd( A U) for all < m < n. 

(2) The Hom-functor Wom A (U ', — ) : A-Mod — > /?-Mod induces an isomorphism of rings: A ~ End^(M), and 
Ex4(M,M) = Ofor all i > 1. 

(3) The module M is an n-Ringel R-module. 

Proof. (1) Applying the functor Hom. A (U , — ) to the sequence 

— >U„ — ► >Ui — >u — > w — > 

in the axiom (C3)', we obtain the sequence in (1) with all Hoiru ({/,£/,) € add(R/?). The exactness of this sequence 
follows directly from the axiom (C2). This also implies that the projective dimension of rM is at most «. 

(2) Denote by *P the Hom-functor Hom A (t/, -) : A-Mod ->■ R-Mo&. Then W(U) = R, ^(W) = M and, for every 
X e add( A U), we have 

Hom A (X,W) -^■Uom R { x V(X), x V(W)). 

Clearly, if n = 0, then W = Uq, M = Hom A (U,Uo) as /^-modules. In this case, one can easily check (2). 
Suppose n > 1. By (1), the /^-module M = X V(W) has a finitely generated projective resolution 

— > V(I/„) — )• > <P(l/i) — )• T(l/ ) — > — > 

with £/„, G add(f/) for all < m < «. Applying the functor Hom A (— ,W) to the resolution of W in (C3)', we can 
construct the following commutative diagram: 

^ Hom A (W,W) 9- Hom A (J/ ,W) ^ Hom A (U u W) s ^ Hom A (U„,W) 



Hom R ( i i>{W), l V(W)) *- Hom B (^(£/o), , P(W)) Horn,; (¥(Ui ),*(W)) * *- Hom R (*(£/„),'P(W)) 
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where the isomorphisms in the diagram are due to U m £ add( A U) for m <n. Since A W is injective, the first row in 
the diagram is exact. Note that the following sequence 

— > Hom R ( x i>(W) 1 x l>(W)) — >• Hom R (^(U ) 1 x i'(W)) — > Rom R (^(Ui) 1 x i>(W)) 

is always exact since *¥(Ui) — > ^(Uo) — > W(W) — > is exact in R-Mod. This implies that the map *P : 
End A (W) — > End R ( l ¥(W)) is an isomorphism of rings and that the second row in the diagram is also exact. Thus 
Ex4(M,M) = Exe R (^f(W),^{W)) = for all i > 1. 

(3) We check the axioms (Rl)-(R3) in Definition 14. 1 1 for M. Clearly, the axioms (Rl) and (R2) follow from (1) 
and (2), respectively. It remains to show the axiom (R3) for M. In fact, by the axiom (CI), there exists an exact 
sequence of A-modules: 

0— ►/(>—> Ji — > >l,^0 

where /, is an injective module for < ; < n. Since W is an injective cogenerator for A-Mod, we have/, £ Prod^W). 
Moreover, from the axiom (C2), we see that Ext{ (U,U) = for all j > 1. This implies that the following sequence 

— >R — ► Hom A (f/,/o) — > Honu(i7,/i) — > > Honu (£/,/») — > 

is exact. Since the functor Hom^i/,— ) commutes with arbitrary direct products, it follows from £ Prod^W) 
that Hom A (U,Ij) £ Pmd( R Hom A (U,W)) = Prod(^M). This shows that R M satisfies the axiom (R3). Therefore M 
is an n-Ringel /^-module. □ 

Observe that, by Lemma 16721 (2). the ring Endfl(M) can be naturally identified with A (up to isomorphism of 
rings). Now, we define 

G:= R M®\-\ 9{K) — >%>{R) and H := KHom R (M, -) : 9{R) — > 2>{A). 



Since R M is a Ringel /^-module satisfying both (Rl) and (R2) in Definition 14.11 it follows from Lemma 14721 that 
there exists a recollement of triangulated categories: 



Ker(H) 9(R) ^—^ 2>(A) 

where (/*,/*) is a pair of adjoint functors with u the inclusion. 

If Ker(H) is homological, then it follows from Lemma l4~2l that the generalized localization X : R — > Rm of R at 
M exists and induces a recollement of derived module categories: 



(X) 9(R M ) 9(R) — 

Thus we may construct recollements of derived module categories from good cotilting modules. Here, a problem 
arises naturally: 

Problem: When is Ker(H) homological in 3>(R)1 

This seems to be a difficult problem because we cannot directly apply Proposition |4.4| to the Ringel module R M. 
The reason is that we do not know whether R M is good. Actually, we do not know whether the right A-module M 
is strongly A-Mittag-Leffler. Certainly, if A is right noetherian, then M is a perfect Ringel /^-module (see Definition 
14. Q , and must be good. 

Though we cannot solve this problem entirely, we do have some partial solutions to the problem. 

Corollary 6.3. Suppose that A is a ring together with an injective cogenerator W for A-Mod. Let U be a good 
n-cotilting A-module with respect to W. Suppose that A := End/t(W) is a right noetherian ring. Then the following 
are equivalent: 

(a) Ker(H) is homological in &(R). 
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(b) H'"( R Hom A (U,W)(g>Aliom A {W,r)) = for all m>2, where P is a deleted injective coresolution of A U : 

>0— >/ A/! — ► ►/„ — »>0 >>--- 

with Ii in degree ifor all < ; < ft. 

(c) 77ie kernel K of the homomorphism Coker((j)o) — >■ Coker(())i) induced from the map b \ Iq ^ I\ satisfies 
Extft(M,K) = for all m > 0, where (]),■ : Hom A (t/,VK) ®aHoiiia(W, /,-) — s- Hom A (t/,/,) is the composition map 
fori = 0,1. 

Proof. By the proof of Lemma [6721 (3), the module M := Hom A (t/, W) is an n-Ringel 7?-module. Moreover, the 
sequence in the axiom (R3) can be chosen as follows: 

— >R — ► Hom A (E/,/ ) — ► Hom A (I/,/i) — >■ ► Hom A (E/,/„) — ► 0. 

In this case, the complex M* can be defined as the following complex: 

Hom A ([/,/*) : — > Hom A ([/,/ ) — > Hom A (i7,/i) — > > Hom A ([/,/„) — > 0. 

Under the assumption that A is right noetherian, we know that M is a good Ringel /^-module. So it follows from 
Proposition l4.4l that (a) is equivalent to the following: 

(b') W [rM (8>a Hom/f (M, M*)) = for any ; > 2, where M' := Hom A (E/,/*). 

To prove that (a) and (b) in Corollary 16. 3 1 are equivalent, it is sufficient to show that (b 1 ) and (b) are equivalent. 
For this purpose, we shall show that Hom^(M, M') ~ Hom A (W ',/*) as complexes over A. 

Let W = Rom A (U, -) : A-Mod ->• fl-Mod. Then *P(W) = M and M* = ¥(/•). Clearly, the functor ¥ induces a 
natural transformation 

Hom A (W,-) — > Hom^y {W),y(-)) :A-Mod — >A-Mod. 
This yields a chain map from Hom A (W,/*) — > Hornby (W), 1 ?^* )) = Hom R (M,M m ) in if (A), that is, 

Hom A {W,I ) Hom A (W,/i) = >- Hom A (W,/„) ^ 

" 

^ Uom R (^(W),^(I )) *■ Rom R (¥(W),¥(h)) llom R (¥(W), ¥(!„)) ^ 

Note that all 7, are injective A-modules. To verify that this chain map is an isomorphism of complexes, it is enough 
to show that *P induces an isomorphism of A-modules: 

Uom A {W,X) ^UomR^iW),^^)) 

for any injective A-module X. In the following, we shall prove that this holds even for any A-module X. 

Suppose n = 0. By the axiom (C3)', we know that W = Uq as A-modules with Uq G add( A t/). It is clear that 
Hom A (U ,X) -=» Hom / ;OP(t/o), l I'(X)) since Uq 6 add( A t/). Thus Hom A (W,X) Hom R (^(W), x l>(X)). 

Now, suppose n > 1. By the axiom (C3)' and Lemma l6T2l (T), there exists an exact sequence U\ — > Uq — > 
W — > of A-modules with Uq, Uy G add( A t/) such that W(U\ ) — > ¥(t/ ) — > «F(W) — > is also exact in R-Mod. 
From this sequence, we may construct the following exact commutative diagram: 

^ Hom A (W,X) Hom A (t/ ,X) ^ Hom A (f/ 1; X) 

ij, ~ ~ 

»- Hom«(¥(W),^(X)) Hom«(¥(i7o),^(Z)) Horn* (^([/i ),¥(*)) 

where the last two vertical maps are isomorphisms since Uq,U\ G add( A £/). This means that Hom A (W,X) 
Uom R ( x i'(W), x i J (X)) for every A-module X. 

Consequently, we see that Hom A (W, /* ) ~ Hom« (M, M' ) as complexes over A. Thus (b') and (b), and therefore, 
also (a) and (b), are equivalent. 

Note that if we identify Hom R (M, M') with Hom A (W,/*) as complexes over A, then the equivalence of (a) and 
(c) in Corollary 16. 3l can be concluded from that of (1) and (4) in Proposition 14.41 Here, we leave the details to the 
reader. □ 

As a consequence of Corollary 16. 3l (see also Corollary 14.5) , we have the following result. 



33 



Corollary 6.4. Let U be a good n-cotilting A-module with respect to the injective cogenerator A W. Suppose that 
A := EncU(W) is a right noetherian ring. 

(1) If aU = M @N such that aM has injective dimension at most 1 and that aN has an injective copresentation 
— > aN — > Eq — > Ei with E\ £ add(A W), then Ker(H) is homological in £)(R). 

(2) Ifn = 2, then Ker(H) is homological in @(R) if and only ifUom A (U,W) ® A Ext A (W,U) = 0. 

Proof. The idea of the proof of ( 1 ) is very similar to that of Corollary I1.2K 1 ). Here, we just give a sketch of the 
proof. 

Note that S := {Y E R-Mod \ Ext^' (M,T) = for all m > 0} is closed under kernels of surjective homomor- 
phisms in /?-Mod, and that Coker((])o) and Coker(<|)i) (see Corollary 16.31 (c)) always belong to S by Lemma l4~3l 
(1). Thus, according to the equivalence of (a) and (c) in Corollary 16.31 if we want to show (1), then it suffices to 
verify that the homomorphism 8 : Coker((j)o) — > Coker((j)i) induced from 8 : Iq — s- I\ is surjective. Actually, this is 
guaranteed by the assumption that the injective dimension of aM is at most 1 and E\ G add(^W). For more details, 
we refer the reader to the proof of Corollary 11.21 (1). 

As to (2), we keep the notation in the proof of Corollary 16. 3 1 Suppose n = 2. Then the complex /' in Corollary 
16.31 (b) has the following form 

> — > I — > h — > h — > — ► • • • . 

By Corollary 16.31 the category Ker(H) is homological if and only if H 2 [rM <X> AHom / i(W ', /*)) = 0, where M := 
Hornet/, W). Note that the tensor functor rM<Ei a — : A-Mod — > R-Mod is right exact. Consequently, we have 

H 2 ( R M® A Hom A (W, /*)) ~M® A H 2 (Hom A (W, /')) ~ M ® A Ext 2 A {W,U). 

This shows (2). □ 

Finally, we point out a special case for which the ring A in Corollary 16. 3 l is right noetherian. 

Let k be a commutative Artin ring. Let rad(£) be the radical of k (that is, the intersection of all maximal ideals of 
k), and let J be the injective envelope of £/rad(&:) . We say that a ^-algebra A is an Artin k-algebra, or Artin algebra 
for short, if A is finitely generated as a fc-module. 

Suppose that A is an Artin ^-algebra. It is well known that the functor Hom^(— ,7) is a duality between the 
category A-mod of finitely generated A-modules and that of finitely generated A op -modules. In particular, the dual 
module Hom/ ( (A A ,J) of the right A-module A A is an injective cogenerator for A-mod, or even for A-Mod. In this 
case, we shall call Hom,t(A^,y) the ordinary injective cogenerator for A-Mod. 

Note that End^Hom^AA,./)) — End / top(A) op ~ A as rings. So, if the module W in Corollary 16. 3 1 is chosen to 
be the module Hom^(A^,7), then the ring A := End^W) is isomorphic to A. Since A is an Artin algebra, it is a 
left and right Artin ring, and certainly a right noetherian ring. Thus A is right noetherian and always satisfies the 
assumption in Corollary 16. 3 1 

Proof of Theorem l 1.31 Recall that A W is the ordinary injective cogenerator over the Artin algebra A. According 
to the above-mentioned facts, the ring A := End^W) is isomorphic to A, and therefore right noetherian. Since 
A U is a good 1-cotilting module with respect to W, we know from Corollary 16.41 (1) that the category Ker(H) is 
homological. Now, Theorem ll.3l follows from the diagram (f ) above Corollary 16. 3 1 □ 

Let us end this section by a couple of remarks related to the results in this section. 

Remarks. (1) If A is a commutative ring and W is an injective cogenerator for A-Mod, then the dual module 
Hom^r, W) of a tilting A-module T is always a cotilting A-module. However, there exist cotilting modules over 
Priifer domains, which are not equivalent to the dual modules of any tilting modules (see 0] Chapter 11, Section 
4.16]). This means that the investigation of infinitely generated cotilting modules cannot be carried out by using 
dual arguments of infinitely generated tilting modules. 

(2) Corollary 16 . 3 I provides actually a recollement of @(End A (U)) with 2>(Rm) on the left-hand side and £P(A) 
on the right-hand side (see (%) for notation). This recollement depends upon the choice of injective cogenerators 
for A-Mod. That is, for a fixed cotilting module A U, if different injective cogenerators W for A-Mod are chosen in 
the axiom (C3)', then one may get completely different recollements of £>(End A (U)). 

For example, let Q( p ), Q, 1 P and Q p denote the rings of p-integers, rational numbers, p-adic integers and p- 
adic numbers, respectively. Recall that Qr p ) is the localization of Z at the prime ideal pZ. In particular, it is a local 
Dedekind domain. Moreover, let E{TLj pZ) be the injective envelope of Z/pZ, which is an injective cogenerator for 
the category of Qh,) -modules. 
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Now, we takeA:=Q (p ), T :=Q®E(Z/pZ) and U := Uom A (T,E(Z/pZ)). Due to HQ Section 7.1], we have 

(a) the module T is a Bass 1-tilting module over A, and therefore U is an 1-cotilting A-module. 

(b) End A (E(Z/pZ)) ~ Z p and Honu(Q,£(Z/pZ)) ~ Q <g> A End A (£ (Z/pZ) ) ~Q® A Z P ~ Q p . Thus £/ ~ 
Zp ffi Qp as A-modules. 

(c) By ifTTl Lemma 6.5(3)], there exists an exact sequence of Zp-modules (and also A-modules): 

(*') — >Z p -^Q p — >E(Z/pZ) — >0. 

Note that Q p is an injective and fiat A-module and that (*') is an injective coresolution of Z p as an A-module. 
This also implies that W := Q p ®E{Z/pZ) is an injective cogenerator for A-Mod. 

On the one hand, we may consider U as a good 1-cotilting A-module with respect to W. Applying Hom A (U, — ) 
to the sequence (*'), we get a projective resolution of Hom A (U,E(Z/ pZ)) as an End^L^-module: 

— >Kom A (U,Z p ) -^Hom A (£/,Q p ) — >Hom A (U,E(Z/pZj) — >0. 



Since both Q p and E(Z/ pZ) belong to add( A W), one can use Lemma 16721 to show that Hom A ([/, W) is a classical 
1-tilting End A (t/)-module such that End^^y) (Hom A (i/, W)) ~ End A (W) as rings. It follows that End A (U) and 

End A (W) are derived equivalent. In this case, we get a trivial recollement: S>(End A (U)) S>(A) with A := 
End A (W). Note that this derived equivalence can also be seen from [20, Theorem 1.1]. 

On the other hand, we consider U as a good 1-cotilting A-module with respect to W' := E(Z/ pZ). Clearly, the 
sequence (*') can paly the role in the axiom (C3)'. Since End A (E(Z/ pZ)) ~ Z p , we know from |[l6l Corollary 
2.5.16] that End A (E(Z/ pZ)) is a noetherianring. This implies that U satisfies the assumptions in Corollary 16.41 (1). 

By lfl6l Theorem 3.4.1], one can check that 

End A (Z p ) ~ Z p , Hom A (Q ; „Z p ) = = Ext A (<Q> p ,Z p ) = Hom A (£(Z/ 'pZ),Q p ), 

and further that 

p En dA(Qp) \ „jc.j,/ w \^ ( End A (Q p ) End A (Q p ) 



^( U ^{0 P EndliS) ) andEnd ^ W )"V 

Moreover, the universal localization of End A (U) at the map <p*, or at the module Hom A (U,E(Z/ pZ)), is isomorphic 
toMi(End A (Q p )), the 2 x 2 matrix ring overEnd A (Q p ). 

Now, we can construct the following non-trivial recollement of derived module categories from the cotilting 
module U with respect to W' = E(Z/ pZ): 

®{End A {<c£)) ^ {End A {Uy) T "#(Z P ) 



Thus, the recollement {%) above Corollary 16 . 3 1 construe ted from a cotilting module U depends on injective cogen- 
erator with respect to which the U is defined. 

6.2 Necessary conditions of homological subcategories from cotilting modules 

We keep the notation in Section loTTI For the cotilting module U, we denote by 

— ► U„ -\ -^■■■^U l ^hUo^W — > 
the exact sequence in the axiom (C3)', and by U* the following complex 

>0^U n ^U n ^ -^...±>Ui Ob —►()—►••■ 

with Uj in degree — i for all < i < n. Then do induces a canonical quasi-isomorphism do : U* — > W in ^(A). Recall 
that the complex /* in Corollary 16. 3 K b) also yields a canonical quasi-isomorphism i; : U — > I' in ^(A). 

Furthermore, by the proof of the first part of Lemma 15. 6J one can show that do and E, do induce the following 
quasi-isomorphisms 

(*) Hom A (W,/*) -^W Hornet/*, /*) -J — ¥Lom A (U',U) 
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in ^ (Z). Here, we leave checking the details to the reader. 

Consequently, the morphism (3o )*(£*) : Hom A (W,/*) — > Hom A (U* ,U) in ^(Z) is an isomorphism (com- 
pare with Lemma [5~6b . Due to the A-A-bimodule structure of W, the former complex belongs to ^(A). However, 
the latter complex might not be a complex of A-modules since U* is not necessarily a complex of A-A-bimodules 
in general. This means that this isomorphism may not be extended to an isomorphism in 0(A). Nonetheless, for 
some special cotilting modules, we do have this isomorphism in 0(A). For instance, in the case described in the 
following lemma. 

Lemma 6.5. Suppose that Hom A ([/;, t/, + i) = Qfor < i < n. 

(1) There exist a series of ring homomorphisms pj : A — > End A (Uj) for < j < n, such that do : U' — > W is 
a quasi-isomorphism in ^(A ®z A op ). In particular, the complexes Hom A (W,/*) and Hom A ({/* ,U) are isomorphic 
in 9(A). 

(2) If Ext k A (W, U k ) = Ext A +1 (W, U k ) = Ofor allO<k< n, then p„ : A — > End A (U„) is an isomorphism. 

Proof. (1) Set Kq := W, K„ := U„ and K m := Ker(3 m _i) for 1 < m < n. Then, for each < i < n, we have 

a short exact sequence — ► Ki + \ — > Uj — Kj — > of A-modules. In the following, we shall define two ring 
homomorphisms cp,- : End^^,) — > End A (f/,) and \|/, : End A (Kj) — > End^^+i). 
By Lemma 16721 (1). the sequence 



— > Hom A (U, K i+ 1 ) — ► Hom A (U, U { ) 
is exact. In particular, for t/, £ add(f/), the sequence 

— ► HomA^^z+i) — > Hom A (t/,,f/,) 



Hom A (U,Ki) — >0 



a; 



•Hom A (f//,^) — >0 



is exact. Let / G End A (/f,). Then there is a homomorphism g € End A (f/,) such that 3,-/ = gdj. We claim that such 
a g is unique. Actually, if there exists another g' G End A (U, ■) such that 3,/ = g 1 3,-. Then (g — g')^; = 0' an d so tne 
map g — g' factorizes through Kj + \ . Note that each homomorphism Uj Kj + \ also factorizes through [/,+ 1 via 3 I+ 1 . 
This implies that g — g' : Uj — >• {/; factorizes through {/,•+ 1 . However, since Hom A (Uj , Uj+ 1 ) = by assumption, we 
have g = g'. Hence, for a given /, such a g is unique. 

Now, we define (p,- : / i->- g and ■ : f H >• /; where /z is the restriction of g to Kj + \ . This can be illustrated by the 
following commutative diagram: 



()■ 



0- 



Ki+i — 
I 

I h 

Ki+i — 



Ui- 

I 

I « 

Y 



3; 











where A,,+i is the inclusion for < ; < n — 2 and X„ := d„. Clearly, both cp, and \|/, are ring homomorphisms. 

Recall that A := End A (W) = End A (,Ko). Furthermore, for < j < «, we define p ; - : A — > End A (f/ / ) as follows: 
If 7 = 0, then po := cpo ; if j > 1, then pj is defined to be the composite of the following ring homomorphisms: 



A End A (K\ ) — 



End A (K 2 ) 



End A (tf ; _i) ^4 End A (^) A End A (Uj) 



where (p„ stands for the identity map. By definition, for each A, £ A, there exists an exact commutative diagram of 
A-modules: 

3 n Tr 3 2 3i 3o 







Un-\ 



■u n 



d„ 



WPn-1 




Note that I/y is a natural A-End A (f//)-bimodule and can be regarded as an A-A-bimodule via pj. It follows from the 
above commutative diagram that dj is a homomorphism of A-A-bimodules. This implies that 3o : U' — > W can 
be viewed as a quasi-isomorphism in C &(A <8>z A op ). In this sense, the quasi-isomorphisms in (*) actually belong to 
c g(A). Thus Hom A (W,/*) and Rom A (U',U) are isomorphic in 9(A). This finishes (1). 
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(2) To show that p„ is an isomorphism of rings, it suffices to prove that \|/,- is an isomorphism for < i < 
n— 1. Let i be such a fixed number. If Hom A (K, ■, U, ■) — 0, then \|/, is injective. If the induced map : 
Hom A (f/;, Ui) — > HomA(Ki + i,Ui) is surjective, then so is \|/,-. Thus, by our assumptions in (2), to show that \|/,- is an 
isomorphism, it suffices to show that Hom A (Ki,Ui) ~ Ext A (W, U) and that there exists an exact sequence of abelian 
groups: 

(**) Hom A {U u Ui) {X ^I' Hom A (K i+l , U) — > Ext^ 1 {W, U,) — > 0. 

In fact, since I/ s £ add( A t/) for < s < n, we have Ext' A (U s ,X) = for each r > 1 and X £ add( A f/) by the 
axiom {CI). Now, for 1 < j < n and X £ add( A {/), one can apply Hom / )(- ,X) to the long exact sequence 

— >Kj^U Uj-i — > >Ui — >U Q — >W — y 0, 

and get an exact sequence Hom A (Uj-i,X) — '-4 Hom A {Kj,X) — > Ext^(W,X) — > of abelian groups. If we take 
j := i andX := Ui, then Hom A (Kj,Uj) ~ Ext l A {W,Ui) since HomA(f/,-i,f/i) = by assumption. If we take j := i+l 
and X := Ui, then we get the required sequence (**). This finishes the proof of (2). □ 

The following result will be used for getting a counterexample which demonstrates that, in general, the category 
Ker(H) in Coroll arv 16 . 3 1 ma v not be homological. 

Corollary 6.6. Keep all the assumptions in Corollarv \6.3\ Further, suppose that n>2 and U has injective dimen- 
sion exactly equal to n. If Horrid {Ui,U(+\) = Ex^ A {W, Uj) = Ext^ +1 {W,U) = for all < i < n, then the category 
Ker(H) is not a homological subcategory of 3>{R). 

Proof. Suppose contrarily that Ker(H) is homological in &{R). Then, by Corollary 16.31 we certainly have 
H"{ R Hom A {U, W) ® A Hom/(W, /*)) = 0. Furthermore, since Hom A (Ui,U i+l ) = for all <;'<«- 1, we know 
fromLemma|0](l) that Hom A (W,/*) ~ Hom A (U*,U) in 0(A). Thus 

= H" (Hom A (U, W) ® A Hom A {W, /*)) ~ Hom^ (U,W)® A H" (Hom A (W, /* )) ~ Hom^ (U,W)® A H" (Hom A (U',U)). 

In particular, we have Hom A {U, W) ®\H n {Wom A [U' , {/,,)) = 0, due to U n £ add{ A U). Recall that the complex 
Hom A {U* ,U n ) is of the form 

0— ►Hom A (D r o,lO ^Hmm (U U U„) —> >■ Hom^ (I/„_ 2 , U n ) ( M* Hom A {U n _ u U n ) Hom A {U n ,U n ) — »■ 

with Hom A {U n ,U„) in degree «. Since Hom A {U„-i,U„) — 0, we obtain H" {Hom A {U° , U n )) = End A {U„), and so 
Hom A (U, W) <£>AEnd A {U„) = 0. Note that the left A-module structure of End A {U„) is defined by the ring homo- 
morphism p„ : A — > End A (U n ) (see Lemma[63](l))- Since Ex^ A {W,U) = Ext^ +1 (W,U t ) = for all < i < n- 1, 
we see from Lemma [631 (2) that p„ is an isomorphism. This implies that 

Hom A ([/, W) ® A End A (t/„) ~ Hom A (f/, W) ®a A ~ Hom A (?7, W) 

and therefore Hom A ([/, W) = 0. Since A W is an injective cogenerator, we must have U — 0. This is a contradiction. 
Thus Ker(H) is not homological in &{R). □ 

7 Counterexamples and open questions 

In this section, we shall apply results in the previous sections to give two examples which show that, in general, the 
category Ker( A T ®\ —) for an n-tilting module T, or the category Ker(H) for an «-cotilting module U may not be 
homological. At the end of this section, we mention a few open questions related to some results in this paper. 

Throughout this section, we assume that A is a commutative, noetherian, n-Gorensteionring for a natural number 
«. Recall that a ring is called n-Gorenstein if the injective dimensions of the regular left and right modules are at 
most n. 

For an A-module M, we denote by E (M) its injective envelope. It is known that if p and q are two prime ideals of 
A, then Hom A (£'(A/p),£ , (A/q)) ^ if and only if p C q (see H51 Theorem 3.3.8]). In particular, E{A/p) ~E{A/q) 
if and only if p = q 
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7.1 Higher n-tilting modules 

In the following, we shall apply Corollary 1 1.2 1 to provide an example of a good n-tilting A-module T for which the 
category Ker( A T ®\ —) in Theorem ll.ll is not homological. 

For the n-Gorenstein ring A, it follows from a classical result of Bass that the regular module A A has a minimal 
injective coresolution of the form: 

O^A^ 0£(A/p)^ ► 0E(A/p)— >0, 

where Tj stands for the set of all prime ideals of A with height ; (see [4, Theorem 1, Theorem 6.2]). It was pointed 
out in [24, Introduction] that the A-module 

T:= © 0£(A/p) 

0<i<n pe2>; 

is an (infinitely generated) n-tilting module. 

Clearly, the tilting module is good if we define 7} := pe2 > £(A/p). Observe that, for < i < j < n, we 
have Hom A (E(A/p),E(A/q)) = for p G Pj and q £ P h and therefore Hom A (7), 7}) = 0. 

Now, we suppose that n > 2 and the injective dimension of A is exactly equal to n (or equivalently, the Krull 
dimension of A is exactly «). 

Note that 7) ■ ^ for all 2 < i < n and that T satisfies the assumptions in Corollary 11.21 (2). Since the above 
injective coresolution of A is minimal, the module aT has projective dimension equal to n (see f5] Proposition 
3.5]). By Corollarv ll.2l (2). the category Ker( A r Cg)g — ) is not homological in 3)(B). This means that for this tilting 
module T, the subcategory Ker( A T ®^ — ) cannot be realized as the derived module category S${C) of a ring C 
with a homological ring epimorphism B — > C. Thus, for higher n-tilting modules, the answer to the question in 
Introduction is negative in general. 

7.2 Higher n-cotilting modules 

Next, we apply Corollary 16.61 to present an example of a good n-cotilting A-module U, for which the category 
Ker(H) in Corollary 16. 3 l is not homological in 2>(R). 

Assume further that the ring A is local with the unique maximal ideal m. In this case, T n is an injective cogen- 
erator for A-Mod since T n is just the set {m}. This follows from a general statement in commutative algebra: If S 
is a commutative noetherian ring, then ® m £'(5/m) is an injective cogenerator for 5-Mod, where m runs over all 
maximal ideals of S. 

Now, we take 

n 

W:=T n and U := Uom A (T,W) = 0Honu(7),W). 

j=o 

Since aT is an n-tilting A-module, the module aU is an n-cotilting A-module. Furthermore, applying HomA(— , W) 
to the minimal injective coresolution of aA, we get the following exact sequence of A-modules: 

— >Hom A (T„,W) — >-Hom A (?;_!, W) — > >Hom A (T u W) — >Hom A (7b,W) — >W — > 0. 

This implies that the cotilting A-module U is good if we define Uj := Hom^r^W) for < j < n (see the axiom 
(C 3 )' in Definition^)- 

To see that A : = End A (W ) is a right noetherian ring, we note that W = E (A/m) and that A is isomorphic to the 
m-adic complete of A (see lfl6l Theorem 3.4.1 (6)]). Since A is noetherian, the ring A is also noetherian (see lfl6l 
Corollary 2.5.16]). 

In the following, we shall prove that aU satisfies all the assumptions in Corollary 16.61 In fact, it suffices to show 
that, for any m > 0, we have 

(a) Ext%{U r , U s ) = for < r < s < n. 

(b) ExtX(W, Ui) = for < i < n - 1, and Ext A (W, U n ) ^ 0. 

The reason is the following: According to (b), the injective dimension of U„ is at least n, and therefore exactly n. 
This means that aU is a cotilting module of injective dimension n. Moreover, from (a) and (b) we can conclude that 
the assumptions in Corollary 16. 6| hold true for U . It then follows from Corollary |6.6| that, for this cotilting module 
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U, the category Ker(H) in Corollary 16. 3l is not homological in 2>{R) with R := End A (t/). In other words, Ker(H) 
cannot be realized as the derived module category @(S) of a ring S with a homological ring epimorphism R —> S. 
So, let us verify the above (a) and (b). First, we need the following results about «-Gorenstein rings: 

(1) The flat dimension of the A-module Tj is exactly j, 

(2) Any flat A-module F admits a minimal injective coresolution of the form 

> aF > 7() ► h — ► ► /»-! -^1,^0 

such that Ij G Add {Tj) for all 0<j<n. 

(3) Let p and q be prime ideals of A. If p ^ q or q ^ p, then Tor 4 , (£ (A/p), E{A/q)) =0for allm > 0. Moreover, 
Tor^,(£(A/p), E(A/p)) ^ if and only if m equals the height of p in A. 

Here, (1) and (2) follow from l26l Proposition 2.1 and Theorem 2.1], while (3) is taken from |[T6l Lemma 9.4.5 
and Theorem 9.4.6]. 

Since the dual A-module Hoiru(,F,W) of a flat A-module F is injective, we know from (1) that the injective 
dimension of A £7; is at most j. Since the dual A-module Hom A (7, W) of an injective A-module 7 is always flat (see 
lfl6l Corollary 3.2.16 (2)]), we see that the A-module Uj is flat since 7} is injective. It then follows from (2) that Uj 
admits a minimal injective coresolution of the form 

<> >'i.\ ■ ► IjJ-1 -Iji •<> 

with I jik G Add(Tfc) for all < k < j. 

Now, we show (a). Actually, by Lemma l2~3l (l). we have 

Ex&(U r ,U t ) = Ex&(U r , Hom A (7;,W)) ~ Hom A (Tor£(7;,f/ r ), W) for m > 0. 

Note that the flatness of U r implies that Ext™ {U r ,U s ) = for m > 1. It remains to show Hom A (f/ r , U s ) = 0. For 
this aim, it is sufficient to show T s <E>a U r = 0. Since T s := pG y s E(A/p) and the functor — <g) A U r commutes with 
arbitrary direct sums, we have to prove E{A/p) ® A U r = for every p G %■ In fact, since r < s by assumption, we 
know that p £ q for each q G ^ with < Jt < r. It follows from (3) that Torf {E {A / p) , E {A / q)) = for all j > 0, 
and therefore 

Torj{E{A/ P ), T k ) ~ To^(£(A/p),£(A/q)) =0. 

Since 7 r G Add(T^), we obtain Tor^ {E (A/p), 7^^) = for all y > 0. Now, by applying the tensor functor E (A/p) (g) A 
— to the minimal injective coresolution of U r , we can prove E (A/p) <g> A t/ r = 0. Thus T v g) A U r = 0. This finishes 
the proof of (a). 

Finally, we show {b). Let < i < n— 1, Recall that {/,■ = Hom A (7/, W). According to Lemma [231 (1), we have 
Ext^W/ Hom A (7}, W)) ~ Hom A (Torjj, (7}, IV), W) ~Hom A ( Tor£(£(A/p), W), IV) ~ ]J Hom A (To^(£(A/p), IV), W). 

Since the ideal m is maximal (or of height n), it holds that m (/ p for every p G 2}. Hence it follows from (3) that 
Tor£(£(A/p), W) = 0, and therefore Ext"j(W, Uj = 0. Similarly, one can show that 

Exf A {W,U„) = Ext A (W, Hom A (W,W)) ~ Hom A (Tor£(W, W), W). 

Since Tor?,(W,W) = Tor^(£(A/m), E{A/m)) ^ by (3) and since A W is an injective cogenerator, we infer that 
Ext n A {W,U n ) / 0. Thus {b) follows. 

Consequently, for the n-cotilting A-module U, the subcategory Ker(H) is not homological in !${R). 

Let us end this paper by the following open questions related to our results in this note. 

Question 1. Let A be a ring with identity. Is there a good n-tilting A-module T for n > 2 such that T is not 
equivalent to any classical tilting A-module and that Ker(T <X># — ) is homological? 

Question 2. Is the converse of Corollarv ll.2l (l) always true? 

For tilting modules over commutative noetherian «-Gorenstein rings, Silvana Bazzoni even guesses a stronger 
answer: If Ker(r ®\ — ) is homological in @{B), then A T should be a 1 -tilting module, that is, the module A Af in 
Corollarv ll.2l (l) should be zero. 
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Question 3. Given a good 1-cotilting module U over an arbitrary ring A, is there a homological ring epimor- 
phism X : End^ (U) — > C and a recollement of the following form? 



9{C) — @(End A (U)) 9(A) 

Note that this reccollement does not involve the derived categories of the endomorphism rings of any injective 
cogenerators related to U. 

Question 4. Given an arbitrary ring A, how to parameterize homological subcategories of &(A)1 Equivalently, 
how to classify homological ring epimorphisms starting from A? 

Question 5. Is the Ringel /^-module M in Lemma |672l always good? 

A positive answer to this question would lead to a generalization of Corollary 16. 3 1 
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